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Abstract

Given a symmetric random walk in Z? with finite second moments,
let R, be the range of the random walk up to time n. We study
moderate deviations for R,, — ER,, and ER,, — R,,. We also derive the
corresponding laws of the iterated logarithm.

1 Introduction

Let X; be symmetric i.i.d. random vectors taking values in Z* with mean 0
and finite covariance matrix I', set S,, = > | X;, and suppose that no proper
subgroup of Z? supports the random walk S,,. For any random variable Y

we will use the notation
Y =Y — REY.

Let

(1.1) Ry =#{S),...,5,}

be the range of the random walk up to time n. The purpose of this paper is to
obtain moderate deviation results for R,, and —R,,. For moderate deviations
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of R,, we have the following. Let

(1.2) H(n) =Y P°(Sy=0).
k=0

Since the X; have two moments, by (4.23) below,

- logn
H(n) = PO(S, = 0) ~ ——=——
Q kz—() (S ) 2my/det I’

and
n

log b,
M) = M/ = > P(S, = 0) ~ B0
k=[n/bn]+1 2my/det T

Our first main result is the following.

Theorem 1.1 Let {b,} be a positive sequence satisfying b, — oo andlogb, =
o((logn)/?) as n — oo. There are two constants Cy,Cy > 0 independent of
the choice of the sequence {b,} such that

~Cy < limnf by 1ogIP>{§n > " (H(n) - H([n/bn]))}

H(n)?
(13)  <lmsupb,’ 1ogp{§n > 7 () - H([n/bn])} < -0y

Remark 1.2 The proof will show that C5 in the statement of Theorem 1.1
is equal to the constant L given in Theorem 1.3 in [2]. We believe that C is
also equal to L, but we do not have a proof of this fact.

A more precise statement than Theorem 1.1 is possible when the X; have
slightly more than two moments.

Corollary 1.3 Suppose E[|X;|2(log" (| X;]))2*] < oo for some § > 0. Let
{b,} be a positive sequence satisfying b, — oo and logb, = o((logn)'/?) as
n — 00. There are two constants Cy, Cy > 0 independent of the choice of the
sequence {b,} such that

—C; < liminf b;e logP{En > 20mvVdet I

n—oo

"
(logn)?

(1.4) < limsup b, ? log P{ﬁn > 99ry/det T —— log bn} < —Cy
pies (logn)?

for any 6 > 0.



Remark 1.4 The constants C;, (5 are the same as in the statement of
Theorem 1.1. See Remark 1.2.

For b,, tending to infinity faster than the rate given in Theorem 1.1, e.g.,
log b, = (logn)?, then we are in the realm of large deviations. For Section 2
for some references to results on large deviations of the range.

For the moderate deviations of —R,, = ER,, — R,, we have the following.
Let k(2,2) be the smallest A such that

(1.5) £l < AUV FIIA1

for all f € C! with compact support. (This constant appeared in [2].)

Theorem 1.5 Suppose b, — oo and b, = o((logn)'/®) as n — oc. For
A>0

nb,
(logn)?

) = —(2m)2(det )" /2k(2,2)" A

—
noon

lim %logﬁ”( — R, >\
Comparing Theorems 1.1 and 1.5, we see that the upper and lower tails of
R, are quite different. This is similar to the behavior of the distribution of
the self-intersection local time of planar Brownian motion. This is not sur-
prising, since LeGall, [24, Theorem 6.1], shows that R,,, properly normalized,
converges in distribution to the self-intersection local time; see also (2.2).

The moderate deviations of R, are quite similar in nature to those of —L,,,
where L, is the number of self-intersections of the random walk S,,; see [4].
Again, [24, Theorem 6.1] gives a partial explanation of this. However the
case of the range is much more difficult than the corresponding results for
intersection local times. The latter case can be represented as a quadratic
functional of the path, which is amenable to the techniques of large deviation
theory, while the range cannot be so represented. This has necessitated the
development of several new tools, see in particular Sections 8 and 9, which
we expect will have further applications in the study of the range of random
walks.

Theorem 1.1 gives rise to the following LIL for R,,.



Theorem 1.6

R, o
1.6 li =27Vdet T’ 8.
(16) ey nlogloglogn/(logn)? Ve s

This result is an improvement of that in [5]; there it was required that
the X; be bounded random variables and the constant was not identified.
Theorem 1.1 is a more precise estimate than is needed for Theorem 1.6; this
is why Theorem 1.1 needs to be stated in terms of H(n) while Theorem 1.6
does not.

For an LIL for —R,, we have a different rate.
Theorem 1.7 We have

lim sup

nloglogn/(logn)? = (2m)*Vdet T 5(2,2)", a.s.

The study of the range of a lattice-valued (or Z%valued) random walk
has a long history in probability and the results show a strong dependence
on the dimension d. See Section 2 for a brief history of the literature. The
two dimensional case seems to be the most difficult; in one dimension no
renormalization is needed (see [9]), while for d > 3 the tails are sub-Gaussian
and have asymptotically symmetric behavior. In two dimensions, renormal-
ization is needed and the tails have non-symmetric behavior. In this case,
the central limit theorem was proved in 1986 in [24], while the first law of
the iterated logarithm was not proved until a few years ago in [5].

We use results from the paper by Chen [8] in several places. This paper
studies moderate deviations and laws of the iterated logarithm for the joint
range of several independent random walks, that is, the cardinality of the
set of points which are each visited by each of the random walks; see (3.2).
Also related is the paper by Bass and Rosen [6], which is an almost sure
invariance principle for the range. Our results in Theorems 1.1 and 1.5 are
more precise than what can be obtained using [6]. We did not see how to
derive our laws of the iterated logarithm from that paper; moreover in that
paper 2 + § moments were required.

Acknowledgment: We would like to thank Greg Lawler and Takashi Ku-
magai for helpful discussions and their interest in this paper.
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2 History

Perhaps the first result on the range of random walks is that of Dvoretzky
and Erdos [13]. They proved a strong law of large numbers for the range
of a random walk for a number of cases, including simple random walk in
dimensions 2 and larger:

R,

(2.1) =

a.s.

This strong law was extended by Jain and Pruitt [20] to more general random
walks, in particular, for any recurrent random walk in 2 dimensions. (The
paper [20] improves upon the results in [19].) In each of these papers, the key
is obtaining a good estimate on Var R,,. Turning to central limit theorems,
the paper [20] showed that in one dimension for finite variance walks, R, /ER,,
converges in law to the size of the range of one-dimensional Brownian motion
if EX; =0 and

R, —ER,

(Var R,,)'/?

converges in law to a standard normal if EX; # 0. Jain and Orey [18] showed
the same convergence for strongly transient random walks; in the case of finite
variance with mean 0, this means that the dimension is 5 or larger. Jain and
Pruitt [21] later established the analogous results for dimensions 3 and 4.
In 3 dimensions, the variance of R, is O(nlogn), while in 4 dimensions
the variance is O(n). In both cases, the expectation of the range is O(n).
For random walks without moment conditions and for a weak invariance
principle, see [23]. The central limit theorem for the range in two dimensions
was not accomplished until LeGall [24]. In this paper LeGall proved the
remarkable result that

o —ER,
n/(logn)? o

where the convergence is in law, X; has the identity as its covariance matrix,
and ~; is the renormalized self-intersection local time of a planar Brownian
motion. (We will discuss intersection local times in a bit.) The result of
LeGall can be extended to the case where X; has an arbitrary nondegenerate
covariance matrix in a routine fashion.

(2.2)



The central limit theorem for random walks in the domain of attraction
of a stable law was analyzed in [27]. It is noteworthy that in this case the
results depend on the relationship between the dimension and the index of
the stable law.

The law of the iterated logarithm for the range of random walks in 4 or
more was established by Jain and Pruitt [22], where they showed that
R, —ER,

li =1 8.
P (2nloglogn)l/2 ’ s

and that the corresponding liminf is —1 a.s.

For 2 and 3 dimensions, the law of the iterated logarithm was proved by
Bass and Kumagai [5]. In 3 dimensions

(2.3) lim sup fin — BR, (p*/m)VdetT, a.s.,

n—oo  (nlognloglogn)l/?
where I" is the covariance matrix of X; and p = P(Sy # 0 for all k). The
corresponding lim inf is the negative of this constant. These (and other laws
of the iterated logarithm) are consequences of an invariance principle. In [5]
it was proved that if the random walk is three dimensional, then there exists
a one-dimensional Brownian motion such that

R, —ER, . _ n(log n)15/32
(2.4) o amaeT Biogn = O(v/n(logn) ™).

The law of the iterated logarithm for the range in 2 dimensions was a bit
surprising:

—E
(2.5) lim su fn fn

n—>oop nlog log log n/(log n)2 = (1, a.s.

provided the random walk had bounded range and where ¢; is an unidentified
constant. Among the results in the current paper is that we identify the
constant, we remove the restriction of bounded range, and we determine the
corresponding lim inf.

An almost sure invariance principle for R, — ER, in 4 or more dimensions
was proved by Hamana [15]. There the result is that there exists a one-
dimensional Brownian motion B; such that for each A > 0

R, —ER,

(2.6) W

— B, = O(n*/"*}).



The almost sure invariance principle for random walks in 2 dimensions is
more complicated. Bass and Rosen [6] showed that if the random walk has
mean 0, has the identity as the covariance matrix, and has 2 + § moments
for some 0 > 0, then for each k

k i
(2.7) (logn)* [% + Z(—l)j<102in + CX> jfyjm} — 0, a.s.
j=1

where W; is a 2-dimensional Brownian motion, cx is a constant depending
on the random walk, and 7, , is the renormalized self-intersection local time
of order j at time 1 of the Brownian motion V[/t(") = Wpt/+/n. The intuition
behind this formula is the following: at time n, if the process hits a point it
has already hit before, then n — R,, increases by 1, and so does the number
of self-intersections of the random walk. If the point that is hit again has
only been hit once before, then the double self-intersections of the random
walk increases by 1, but if this point has been hit a number of times, then
the double self-intersections will go up more than 1, and this has to be
compensated by subtracting off the number of triple self-intersections, and
SO on.

Large deviations for the range have been considered by Donsker and
Varadhan [12], by Hamana [16], and by Hamana and Kesten [17]. These
are related to estimates of the type

P(Ry, = ¢(n))  or  P(R, < ¢(n))

for functions ¢(n) that grow relative quickly. By contrast, in our paper we
look at
P(R, —ER, > ¢(n))

for functions p(n) that grow not quite so quickly. The paper [12] determines

lim n¥ @) Jog Be =AM
when X7 is in the domain of attraction of a symmetric stable process of index
«. This can be used to obtain information on P(R,, < ¢(n)). It is shown in
[17] that
1
lim ——logP(R,, > nx)

n—oo M



exists, while [16] examines

1
lim — log Eein.

n—oo N

Related to our paper is one by Chen [8], which looks at moderate devia-
tions of the joint range .J,, the cardinality of the set of points that are each
visited by each of p independent random walks.

We will be much briefer concerning the literature of intersection local
times. There are a large number of papers, but we only mention those rele-
vant to this paper. Given two independent Brownian motions V;, W, in two
dimensions, formally the intersection local time is the quantity

t t
/ / 60V — W) dus ds,
0 0

which is a measure of how often the two Brownian motions intersect each
other; here 9§ is the delta function. To give a meaning to this, we define the
intersection local time by

t t
(2.8) lim/ / pe(Vs — W,,) ds du,
e—0 o Jo

where p. is a suitable approximation to the identity, for example, the density
of a two-dimensional Brownian motion at time . If one now wants to define
self-intersection local time of one planar Brownian motion, one cannot simply
replace V; by Wy. If one does, one gets an identically infinite random process.
Varadhan [30] proved that provided one renormalizes properly, one can get
a finite limit. There are a number of renormalizations possible. We use the
following: let

(2.9 )= [ [ - s
and let
(210) Tt = li_l)%[%(t) - EV&(t)]’

The limit exists almost surely, and is called renormalized self-intersection
local time for planar Brownian motion.



LeGall [26] proved that
(2.11) R

is finite for all negative A and for all sufficiently small positive A\ and is
infinite for all sufficiently large positive A. The critical value Ay at which
the expectation switches from being finite to infinite was found by Bass and
Chen [2]. Tt turns out that the expectation in (2.11) is finite if A < x(2,2)™4
and infinite if A > x(2,2)7%, where k(2,2) is the best constant in a Gagliardo-
Nirenberg inequality; see (1.5).

We mention that our paper [4] has moderate deviations results for the
number of self-intersections of random walks which are similar in form to
those of this paper, although the proofs are different.

3 Overview

Before we outline our methods of proof, let us mention two techniques that
are useful in the study of the range. The first is rewriting the range as a
sum, the second is writing the range of a single random walk in terms of the
joint range of two random walks.

To explain the first technique, let T}, = min{k : Sy = y}, the first time the
random walk hits y. The key observation is that

(3.1) R, = Lz,
yEZ?

This equality is simply the fact that the sum on the right is the number of
points that have been hit by time n, which is the same as the range.

From (3.1) one can estimate moments. For example,

ER, =Y P(T, <n),

x€Z2

and therefore a good estimate of the mean follows from a good estimate on



P(T, <n). One can also obtain higher moments in this way. Thus,

ER2=E | > > Lz<nlm<n

T€Z2 yeZ?

=> Y P(T, <n,T,<n).

z€Z? yeZ?

Let S, S’ be two independent random walks. The joint range .J, is the
defined by

(3.2) Jo=# ({8, SN {SL,. ... ).

The reason J, is more manageable than R, is that if both random walks
start at the same point, then

2

(3.3) EJ, — 0(@), Var Jn0< (1ogn)4>’
while
(3.4) ER, = o(bgn), Var R, = o(ﬁ).

We thus see that the expectation of the range is large compared to the stan-
dard deviation of the range, while the expectation of the joint range is com-
parable to the standard deviation of the joint range. This shows that the
joint range is somewhat less singular than the range.

To exploit this, if n is even we can break {Si,...,S,} into the two sets
{S1,..., 802} and {S@u/2)41, - - -, Sn}, and therefore
(35) Rn = #{Sla"'>Sn/2}+#{S(n/2)+1a"'>sn}

- #({Sla S Sn/2} N {S(n/2)+1> BRI Sn})

The first two terms are each equal in law to R/, and the third term is equal
in law to J, /2, where, however, the two independent pieces might not both
start at the same point.

We can repeat by decomposing each of the first two terms on the right
of (3.5) into two pieces, and continue to get a decomposition of the range

10



into the sum of joint ranges plus some small leftover terms. We can also do
other decompositions by letting I4,..., I, be disjoint subintervals of N =
{1,...,n} whose union is N, letting S(I;) = {Sk : k € I;}, and writing the
range R,

(3.6) Ro= 3 #S(L) = > #(S(1) N S(1),

We use a number of such decompositions in this paper.

Let us now turn to overviews of some of the proofs in this paper. We first
look at moderate deviations of R,, —ER,, and examine the upper bound. By
LeGall’s central limit theorem (see (2.2)),

R, —-ER,
" n/(logn)?
converges in law to a multiple of ~;, the self-intersection local time of planar

Brownian motion. Therefore if we have suitable exponential bounds on A,
then by dominated convergence

A

(3.7) EetMn — EeMn,

One has to be careful in that the right side is finite for some A but not all
A. By using a decomposition such as the one described in (3.6), this turns
out to be all we need to get the upper bound on the moderate deviations.
The key to the argument is thus getting appropriate exponential bounds on
A,. By a Taylor series expansion of e**, it is enough to get bounds on the
moments of A,. This is done by means of the decompositions in terms of
joint ranges described in (3.6).

Let us now look at the lower bound. We break N = {1,...,n} into
subintervals I; of length approximately b,,. Using the Markov property, we
can show that the path of {Si : 1 < k < n} is reasonably close to a straight
line with a certain probability. The lower bound comes from such paths.
We use the decomposition (3.6). For the paths that we are considering,
S()NS(I;) =0if [i — 5] > 1. So in (3.6) we have the sum >, # S(I;),
which is (almost) the sum of i.i.d. random variables and the sum ) . # (S(Z;)N
S(I;1+1)), which can be broken up into the two sums of (almost) i.i.d. random

11



variables. Standard techniques for the sums of independent random variables
are then applied. We remark that the quantity

ER, — Y E[#S(I)]
plays an important role in both the upper and lower bound estimates.

Next we give an overview for the moderate deviations of ER,, — R,,. The
upper bound is handled by using a decomposition of the form (3.5). We show
that the dominant contribution comes from the intersections of independent
ranges, which has been worked out in [8, Theorem 1]. The lower bound is
more subtle and requires a new approach. We use a smoothed version of the
range, obtained by convolving the indicator function in (3.1) with a smooth
function of compact support. We exploit the regularity of the smoothed range
to obtain its moderate deviations, and then develop estimates to show that
the moderate deviations for the true range can be approximated by those of
the smoothed range.

Lastly, we look at the laws of the iterated logarithms. Here we use a
combination of two ideas. Theorems 1.1 and 1.5 allow us to obtain the laws
of the iterated logarithm along exponential sequences. What remains is to
fill in the gaps, that is, we need estimates on

P(m<aX(RZ- — ER;) > Anlogloglogn/(logn)?)

and the analogous probabilities for max;<,(ER; — R;). We obtain these by
using the technique of metric entropy; this is also know as chaining, and is
based on the method used in the proof of Kolmogorov’s continuity criterion
(cf. [1, 1.3.11]).

4 Preliminaries

As usual we set F,, = 0 (Sy,...,S,). For z € Z4, let f(S) be a functional of
the random walk S which is non-negative and adapted, i.e fZ(S) € F,,. Let 6,
be the usual shift operators of Markov process theory, so that Sy 06, = Skiy.
We will say that f7(S) is a subadditive functional if for any k,n

(4.1) nik(9) < f7(S) + fi () 0 0,

12



We will say that f%(S) is spatially homogeneous if for any n and x, z € Z¢
(4.2) fi2(8) = fR(S+2).

f2(S) = ligespn)y is an example of a spatially homogeneous subadditive
functional. Note that the range R, = Y a1 Lizesp -

The following Theorem 4.1 is a generalization of Theorem 6 and Corollary
1 of [8].

Theorem 4.1 Let f2(S) be a spatially homogeneous subadditive functional
of S and for p independent copies SM, ..., S®) of S set

(4.3) Fo= ST (89,

xcZd j=1

Then for any integers nq,--- ,ng > 1,

m / m! / /
@) ERLL)TE Y o EE) B

- l... kZ
ki+-+kp=m
ki, k>0
and for any 6 > 0,
— 0" m 1/p S o m\1/p
(4.5) Z m! (EF s n,) " < H Z m! (BF)
m=0 i=1m=0

Proof. (4.5) follows immediately from (4.4), and by induction it suffices to
prove (4.4) in the case ¢ = 2. Using the standard notation

1/p
e D SO Lo

(21 4eery ZBm)G(Zd)m

we note that

m

(4.6) EES)IE(T 72 (S) lrqcaeym-

i=1

13



Then by subadditivity

(4.7) (EFm )1

n1+n2

||IE an1+n2 ||Lp ((Zd)ym)

< Z IECTT £i0S) TT £22(S) © ) oz

AC[1,m)] i€cA JEA®

By the Markov property

E(TT£208) I £22(S) 0 0u,) = E(J £2(S)ES (T £2(5))).

€A jeEAC €A JjEA®

where for ease of notation we have used S , E to denote an independent copy

of S and its expectation operator. Using (4.8) and spatially homogeneity we
have

(4.9) BT £2:09) TT £22(S) © ) | oz

€A jeAc
IE(TT £ SECTT 52277 (9))) oz
€A ]EAC
) A/ 1/p
)}

{(w' > e @)y

x;,jEAC k=1 JEAS
and by Holder’s inequality and then spatial homogeneity

(4.10) > TIE(TT fi;'_s’(ﬁ)(é')))

x; jeACk 1 jeAe

< HHIE TT £27% (5)lpozeynes

]EAC

= ([T £z gayaery = BFLT).

JEAC

14



Thus we have shown that

(4.11) IIE(H i (S) H 71 (8) 0 Oy ) | Lo ((zaym)

€A JEA®

< (EEANP(REA P,

This proves (6.20) in the case [ = 2 and hence our lemma now follows. O

Remark 4.2 There is a variation of the lemma which is useful. For a fixed
integer t > 0, let F, = Fy,. Let now f¥(S), be adapted to F,,i.e. f2(S) € F,
for all n, and additive with respect to F, i.e. for any k,n

(4.12) ik (5) = [3(S) + [i(5) 0 bun.
We assume as before that f*(S) is spatially homogeneous. The same proof
shows that Theorem 4.1 continues to hold. o

Remark 4.3 Let E¥'¥(.) denote expectations with respect to the inde-
pendent random walks SM ... S®) started at y,...,y, respectively. It
follows by an argument similar to that of (4.11) that

(4.13) sup Evr--te (F™) = E(F™).

In more detail, by Holder’s inequality and spatial homogeneity

p

(4.14)  sup E¥% (F") = ||HE fo’ (S + yi) L2 (zaym)

Yi,--Yp i=1
p

H I Hf“ S + 7)) oty

=

= HE(Hf”“( NI oy = E(ED).

i=1

IA
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Set
(4.15) p(u) = E (e™*).

It follows from our assumptions that p(u) € C?, %ap(O) = 0 and au?;uj 0(0) =

—FE (Xl(i)Xl(j)> where X = (Xl(l), X1(2)), so that for some § > 0
(4.16) pu)=1—E((u-X1)*) /2+0(|u]*), |u] <é.
Then for some ¢; > 0 and § > 0 sufficiently small

(4.17) p(u)] < e jul <.

Strong aperiodicity implies that |p(u)] < 1 for v # 0 and u € [—7,7]?.
In particular, we can find by < 1 such that |p(u)| < by for 6 < |u| and
u € [—m, 7%, But clearly we can choose c; > 0 so that by < e=lul” for
u € [—m,m]?. Setting ¢ = min(cy, c) > 0 we then have

(4.18) lp(u)| < e~ w e [—m 7]

Then with C = [—7, 71]?

(4.19) lim nP(S, =0) = lim % /C (p(w)" du
1 n
= Jm /m@o(u/ﬁ» du

By (4.16) we see that (p(u/y/n))" — exp(—u - T'u/2) on |u| < dy/n, and by
(4.18) we can apply the dominated convergence theorem to obtain
(4.20)

1 1 1
lim—/ u n"du:—/ex —u-Tu/2)du = ————.
Jim o ‘ulgm(w( /V/n)) 2 o p( /2) T

On the other hand, by the above, for some by, < 1
1 1
(4.21) limsup—‘/ (go(u/\/ﬁ))"du‘ < —/ b du = 0.
n—oo 2T J /as<|u|< /am 21 J e
Thus
1
4.22 lim nP(S, =0) = ———
(4.22) n—oo ( ) 2my/det I’
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and it follows from this that

(4.23) H(n) = 3PS, = 0) ~ 2;;%
and

log(n/m)
(4.24) H(n) — H(m) ~ Smv/AetT

as n and m tend to infinity.

We write S(I) for {Sy : k € I}. Let S®, i =1,...,p be p independent
copies of S. Let

Ty =#{SO, 0N N SPA,n]} n=1,2--.

This can be written as

p
(4.25) Jn = Z H Liyes®ny
yez? k=1
and therefore
(4.26) E(J) = ) (P(y € S[L,n]))".
yEZ2

E(J,) can be bounded as follows. First write the obvious bound

2n p
(4.27) Z (E (1{y65’[1,n}} Z 1{S@-y}>>

yEZ? =1

< @,EZZ: (E (2 1{Si:y}>>p.

Applying the Markov property at T}, the first hitting time of y, we see that

2n

(4.28) E <1{yesu,n}} > 1{Si:y}> > Py € S[L,n])H(n).

i=1
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Hence from (4.26)-(4.28)

(4.29) E(J,)HP(n) < Z (E (Z 1{S¢=y})>

2n p
1 (3 u (3
=Y G fo, f Tt
YEZ2 i1,mip=1 (T=)P j=1
2n 1 — p—1
B Sy T S
i (2707 1/<T2>" = A

where the last step used Fourier inversion for w,. By (4.18) we thus have

2n p—1
1 ; p—1 2 . Py
4.30) E ']n P < - —czp|zj:1 uj| —cij|u;] dus.
w0 B s S g [
Let
(431) Fj e e‘”ﬂZ&:l u'm‘2 H e—cil|ul\2’ 1 S ] S p _ 1
1=1,1#£]
and
p—1
(4.32) F, = H e—culul®
=1

Then we can write (4.30) as

(4.33) E(J,)H?(n) < / HFW’ b H du;.

Then by the multiple Holder inequality

(4.34) E(J,)H"(n) Z H [Tl

18



It is easy to obtain the bounds

p—1

(4.35) |5/, <o I i 1<j<p-1
1=1,l#j
p—1
(4.36) |E/ e, <o

so that

(4.37) E(L)H'(m)<C Y. J[s% (Zz (r=1)/ ) < Cn.

Thus we have

(4.38) E(J,) <

for some C < 0.

We next note using (4.25) that

(439) E(J5) = ). (E (Hl{yiesu,nl}>>

Y1 Y €27
p
- Z <ZP<9<1>— Ty =+ "STyww)Sn))
Y1, YR€Z2 \ T
where the inner sum is over all permutations 7 of {1,...,k}. Then by

Holder’s inequality

(4.40) E(JF)
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Applying the Markov property at time 7,, = we obtain

Yk—1

(441) Y (P(T), <Tp, <+ < Ty <))

Y1y Yr €22
< Z (P (Ty1 < Tyz < S Tykq < n))p Z (]P)ykil (Tyk < n))p
Y1 Y—1€L2 Y EZ?

= Y (P(T,<T,<--<T, , <n))E(J).

Y1, Yu—1 EL2

By induction we get

(4.42) E(J*) < (kDP(EJ,)F,  k=0,1,---
The following Lemma, which is Lemma 1 in [3], is used in the next section.

Lemma 4.4 Let 0 < p <1 and let {Yi(¢) }i>1 be a family (indexed by C) of
sequences of i.i.d. real valued random functions such that E(Yy(¢)) =0 and

(4.43) lim sup EefM©F =1,
6—0 ¢

Then for some A\ > 0,

p
b <oe

(4.44) sup B exp {A‘ i Yi(C)/ v

Proof. Let ¢,(z) = ¢ — 1 for large x and linear near the origin so that
Yp(x) is convex. We use || - ||y, to denote the norm of the Orlicz space Ly,
with Young’s function 1,. The assumption (4.43) of our Lemma implies that
for some M < oo

(4.45) 1 V5 (O, < M.

By Theorem 6.21 of [28], if & are i.i.d. copies of a mean zero random variable
&1 € Ly, then for some constant K, depending only on p

Y&l < Kp< > &G
k=1 by k=1

20
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Using Prop 4.3.1 of [14], for some constant C, depending only on p

Iax x|

< Cp(logn)|[&1lly,-

P

Since the & are i.i.d. and mean zero

n n
1Y "l < 1 &lle, < ValléllL,.
k=1 k=1

Thus we have

logn

<D, <||€1||L2 + WH&H%)

for some constant D,, depending only on p. Our Lemma follows immediately
from this. 0

> &/vn
s

Py

5 Moments of the range

In this section we first give an estimate for the expectation of the range. The
next result is contained in [27, Theorem 6.9].

Lemma 5.1

n 1 n
5.1 ER, = + 1+ 0(1)),
(5.1) o) o TetPH(nP( o(1))
where H is defined in (1.2).
Proof: Let
(5.2) un =P(5, =0), r=P(T >n)

where 7y = min{n > 1: S, = 0}. Then

(5.3) ER, =) 1.



By considering the last visit to 0 before time n we see that

1=0

Since r; is non-increasing this shows that

(5.5) rn < (Z u2> = %

We next obtain a lower bound for r,. Fix ¢ > 0. Then by (5.4)

[en] n+[en] n—1
(56) Zuz ry 2> 1= Z UiTn4-[en]—i — - Z Un+[en)—iTis
=0 i=[en]+1 =0

and therefore, using also (5.5),

1 1

n—1 1
o0 2 Rla])  H]) 2 ")

By (4.23) we see that H(n) is slowly varying and therefore so is 1/H(n).
Consequently for any § > 0 small, and using (4.22) we see that for some
C < oo independent of §

on 1 o 1 C(S
. ntlen|—iAq ;7 < -1 N < .
58) 2 iy < )y S g

Using this and the slow variation of 1/H(n) we find that

S 1 1 &= H(n + |en|) — H(|en
(5.9) gounﬂen]—im’“H(n)gunﬂm]_i,w ( +[H]()n) ([ ])

Thus by (5.7)

1 H(n + [en]) — H([en]) ( 1 )
(5.10) Tn > - +o :




By (4.24)

YRR S R <
. - prm— O .

H([en]) H(n)  27v/detT H*(n) H2(n)
Using (4.23) and (4.24) this shows that

1 1 (loge ! —log(1l +€)e ) 1
(5.12) 7, > 7o) vt ) +o (T?(n))
1 1 log(1+e)+0< 1 )
~ H(n)  2mv/detT H2(n) H2(n) )

Since € > 0 is arbitrary we have shown that

1 1
5.13 by
o1 = (i)
Then by (5.3) and the slow variation of 1/H(n)

- 1 n
(5.14) ER, = ;) o T (HT(n)) :
We have
"1 a1 O H(n) — H()
(5:15) R " HE) T HHm)

and using (4.22) and then the slow variation of 1/H(n)

(5.16)
SH() —Hi) s s 1] L1 n
; HG) & SHG) QW\/—detF;H(i) 2m/det T H(n)

and together with (5.14) and (5.15) this completes the proof of (5.1). m

Throughout this paper we will mostly be concerned with random walks
that have only second moments. The exception is the following proposition,
which supposes slightly more than two moments, and Corollary 1.3.
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Proposition 5.2 Suppose {X;} is a sequence of i.i.d. mean zero random
vectors taking values in Z* with

(5.17) E (|X|2(1og+ |X|)%+5) <0

for some 6 > 0 and nondegenerate covariance matriz I'. Let S, = > | X;
and suppose S, is strongly aperiodic. Then

1 1
. P(S,=0)= — ).
(5.18) (8= 0) = 5 + O vy

Proof. Let ¢ be the characteristic function of X;, let x - y denote the inner
product in R? let Q(u) = u - T'u, and let C' = [—m, 7]2. We observe that

(5.19) 1 —p(u) — Q(u)|
=[E(1—e"* +iu- X+ (1/2)(iu- X)?)|
< a1 [uPE (Tgxi<ipupl X P) + a1 |ulPE (1gxis1/wy 1 X )

and consequently for any fixed M > 0

(5.20)
11— o(u/vn) — Q(u/v/n)|
< (#) E (1qju)x1<ymy (1wl X)) + ¢ (%) E (Lju) x> vay ([ul | X])?)

1 1 ,
< cas + e (3 ) B Qaaraurxisvm (ull 1)

+ c3 (%) E (1gju)ix)s vy ([ul| X1)?) -

Choose M so that x/(logz)'/?™% is monotone increasing on = > M, and
therefore

(5.21)
E (1 vl x| <y (Jul | X])?)

ul| X
<& (arursievm (XD og(ull Xy 2 el

= <(log(\/\/ﬁﬁ))1/z+6) E (1{M<|uHX|§\/ﬁ}(‘U"X|)2(log(‘uHX|>>l/2+5) '
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Also
(5:22)  E(Lgjuxj>ymy (|ul|X])?)
= ((log(\/%))l/%r&) E (1{|uHX|>\/ﬁ}(|u||X|)2(log(|u||X|))l/2+6) ‘

(5.20) then implies that

[ul?|(log(Jul)*/**|
n(log(n))!/>+

(5.23) 11— olu/v) — Qu/vi)| < ¢
Following the proof in Spitzer [29], pp. 76-77,
2mnP(S, = 0) = (21)" Y20 /C (o))" du
— (2m)! /mwu/mndu

=Iy+ Ii(n,A,) + I(n, A,) + I3(n, Ap,7) + Ly(n, 1),
where
1/ e~ QW 2qy = (det Q)~Y2,
RQ
I(n, A,) 1/ o(u//n)" Q2] gy,
|ul
Ln, A,) = —(27)~* e~ QW 2y,

|u|>An

Iy(n, A1) = (27)) / oy PV
Ln,r) = (2m)) / el

Since X has second moments, a Taylor expansion shows that

Q(u)

o) = 1= =+ oful?)

and hence we can choose 7 such that |o(u/\/n)"| < e QW/Aif |u| < ry/n.
By the strong aperiodicity there exists 4 > 0 such that |o(u/y/n)| < 1—~ if
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lu| > ry/n and u € \/nC. Set A, = c4v/loglogn. We have

L(n. )] < (2m)"! / =0

for every positive integer p. Next

|I3(n, Ay, 1)| < / e~ QW/4qy, = O((logn)_2)
[u|>c4v/Toglogn

for ¢4 large and similarly we have the same bound for |I3(n, A,)|. To estimate
I(n, A,) we use the inequality |a" — b"| < n|a — b if |al,|b] < 1 with a =

o(u/y/n) and b = e~9/2*  Using (5.23) and the analogous expansion for
e~ QW/2" wwe have

[p(u/v/n)" — ™2 < nlp(u/v/n) — "2

< n|u|2|(log(|u|))l/2+6| . |u|2|(10g(|u|))1/2+6|
S Cs n(log(n))1/2+5 5 (log(n))1/2+5

Integrating this over the set {|u| < A, }, we see
[11(n, A,)| = O((loglog n)***/? /(logn)/**?) = O(1/(log n) " +*/2).
Summing [/, through I, we obtain

2mnP(S, = 0) = (det )™ + O(1/(log n) " +9/72).

We now apply Theorem 4.1 to establish some sharp exponential estimates
for the range and intersection of ranges. Aside from their intrinsic interest,
they will be used to estimate the tail probabilities in our first main theorem.

We write S(I) for {S : k € I}. Let SO, i =1,...,p be p independent
copies of S. Taking f7(S) = l{zespn)} in Theorem 4.1 yields Corollary 1 of
[8]: for any integers a > 1, ny,---n, > 1,

|
(5.24)  (RJ",..)"" < T ()7 (B

ok,

AN
(]
K



where
T = #5008} 0= 1,2,

In the next Theorem we deduce from this the exponential integrability
of J,, which was established in [5] in the special case p = 2 and under the
condition that S had bounded increments.

Theorem 5.3 Assume that the planar random walk S has finite second mo-
ments and zero mean. There exists 8 > 0 such that

1 Py 1/ (p—1)
(5.25) sup sup E® %) exp {9(@) P Ji/(p—l)} < o0,
n

n Yi,HYp

Proof. The proof of (5.25) is a modification of the approach used in Lemma
1 of [8]. We begin by showing that there is a constant C' > 0 such that

(5.26) sup EJ™ < C™(m!)P~? <(logn)p>m’ m,n=1,2,--

We first consider the case m < (logn)®~V/?. Write I(n,m) = [n/m] + 1.
Then by (5.24) and (4.38),

m m!
(EJ” )1/p < Z m (Ejl]z;,m)) v T (Ejllz:;,m)) v

k17"'7km20

|
S el (Bigm) - (Bigm)

A
ki+-+km=m ! m
k17"'7km20

= (0, )™ < (2 e ()
= (27777 ) b7 ( (logn n)p>m/p’

where the second inequality follows from (4.42) and the third from (4.38)
using the fact that m = O(logn) so that logn = O(log(n/m)). Hence,
taking p-th powers we obtain

e = ()

m (logn

IA
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and (5.26) for the case of m < (logn)®~1/? follows from the fact

<2m) < 4m,
m

For the case m > (logn)®~Y/P notice from the definition of J, that
J, < n. So we have

B <" = Gogn)™ () <m " (1)

<o ()

where the last step follows from Stirling’s formula. This completes the proof
of (5.26).

We next note that

P m
Evwgr = S T[ET] Yeswsesuwmy
1

21, ,xm€Z2 j=1 k=

m py 1/p
{ > [Enl{rwwesu,nn}}
1

5517"'71'77L€ZZ k=1

p
<

J

m p
= > [Enl{xkesumn} =EJ"
k=1

L1y 7-’Em€Z2

where the third step follows by translation invariance. Using Holder’s in-
equality we now see that

(5.27) ((log n)p)m/(p—l)

< <(10gn)l’>m/(1”—1) “up {E(y17...7yp)(Jm)}l/(p—l)

n

n YLy Up

n Y1, Yp
P\ m/(p—1) 1/(p—1)
< (S )} < o
n
Our theorem then follows from a Taylor expansion. 0
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Remark. Theorem 5.3 is sharp in the sense that (5.25) does not hold if
6 is too large. Indeed, by [24], for any m =1,2,-- -,

(logn)r™
nm

EJ" — (27)P™ det(I')™/*Ea ([0, 1]7)™

as n — oo, where «([0, 1]7) is the Brownian intersection local time formally

defined by
oo = [ [IT [ s-pesae

and by Theorem 2.1 in [7]

E exp {904([0, 1]p)(p_1)71} = 00

for large 6. The following theorem is sharp in the same sense.

Theorem 5.4 Assume that the planar random walk S has finite second mo-
ments and zero mean. Then there exists 0 > 0 such that

(5.28) sup E exp {6’(1 ogn)* IR, |}

Proof. We first consider the case where n is replaced by 2". Let
N = [2(log2) ' log n]

so that 2V ~ n? and note that

(5.29) #{S[1,2"]} = Z#{S 1)2nN korN)}

N 271

>3 #{S((% —2)2"77 (2k — 1)2"] N S((2k — 1)2" 7, (2k)2" ] }

j=1 k=1

Setti
o = #{5((k — 1)2" "V, k2"~ V]}

and

ape = #{S(2h - 2207, 2k - 2] 5 ((2k - 12, 2wz}
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leads to the decomposition

N 271

2N
R =3P )
k=1 J=1

=1 k=1
We will need the following lemma which is [8, Lemma 3].
Lemma 5.5
1
(5.30) sup E exp { ogn#{s }} 00

for all X > 0.

Proof of Lemma 5.5: We first claim that for any a,b > 0 and any integer
n>1

P{#{S[L,n]} > a+ b} < P{R{S[L, ]} > a}p{#{S[1,n]} > b}

Notice that #{S[1,n]} takes integer values. So we may assume that a and b
are integers for otherwise we can use [a], [b] and [a + b] instead. Define

T =1inf{k > 1; #{S[1,k]} > a}.
Then
P{#{S[l nl} > a+ b} - P{#{S[l,n]} >a+b 1< n}

—Z [#{S0n)) — #{SILK} 2 b, 7=}
<Z {#{Slk+ 1,0} 20, 7=k}

- ZP{T - k;}IP{#{S[l, n—k|} > b}

k=1

< P{#{S[1,n]} > b}.
To prove (5.30), let C' > 0 be a constant such that

P{#{S[l,n]} > oli} < e

ogn
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for all n > 1. We have that

logn} < {#{S[l nl} > Cl gn}>m < e m

for all n > 1. Consequently,

{#{5[1 n]} > Cm

logn

#{S[Ln]}} < o

for A < C7'. For A > C7!, one can take § > 0 such that A < C~'[671].
Write k,, = [6]. By subadditivity

sup [E exp {

E exp {)\10%#{5[1,71]}}
< (]Eexp{xk’%#{su,kn]}})wlm

< (Eexp{ . ogk #{S[l . ]}})[51}4-1.

In particular, it follows from (5.30) that

1 on— N
SUPEeXp{A o \61|}

Notice that 3, -, By~ is an ii.d. sequence with E3, = 0. By Lemma 4.4,
there is a 6 > 0 such that

N
log 2N
N/2
sngexp{@Q / N ’E ﬁk’}<oo

By the choice of N one can see that there is a ¢ > 0 independent of n such

that
log 2N S (log 2™)?

Qn—N = ¢ on
So there is some 6 > 0 such that

2—N/2

sup E exp {9
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We need to show that for some 6 > 0,

(log 2)? | S~ 2
(5.31) sup E exp {ngin‘ Z Qi k } < 0.
" j=1 k=1
Set
(5.32) Jo=#{S[L,n)NnS[L,n]} n=1,2--,

where S’ is an independent copy of the random walk S. In our notation,
for each 1 < j < N, {@;1, -+ ,@;9i-1} is an i.i.d. sequence with the same
distribution as Jyn—j. By Theorem 5.3 (with p = 2), there is a 6 > 0 such
that

1 on—j 2
sup sup E exp {5( 08 )

n j<N W‘aj’l}} = %0

} <o
b<o

N
Av =] =277) and Ao =] (1 —277).
j=1

j=1

By Lemma 4.4 again, there is a § > 0 such that

_ (1 2
sup sup E exp {92_’/2 08
n j<N

Hence for some 8 > 0

) 1 on 2 21
C(0) = supsup Eexp {92]/2(0%%‘ ZEM
k=1

n j<N

Write
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Using Holder’s inequality with 1/p =1 —27V2 1/¢ = 27N/ we have
N 2571
log 2"
E exp {)\NH( 0g2")" ‘ Zzaj,k }
j=1 k=1
j7

log om)2 V=127 1-27N/2
< (Eexp {)\N_lﬁ(oiin)‘ Z aj,k‘})
j=1 k=1

log 27)2 22 2
X (Eexp {)\NHQN/2(Og27n)‘ aN,k‘})
k=1
log 97)2 N-12i-1 B
< Eexp {)\N 19&‘ Z ;) } .0(9)2 N/2
j=1 k=1

since Ay < 1. Repeating this procedure,

(log 27) N 2i-
Eexp{)\NH 08 ‘ZZO&M}

7=1 k=1

S 0(9)271/2_,’__,’_27]\1'/2 S 0(9)271/2(1_271/2)71

So we have

1 on 2 N
supEexp{A HM‘Z Qi

} < 0(9)271/2(1_271/2)71

—1
We have proved (5.31) and therefore (5.28) when n is the power of 2. We

now prove Theorem 5.4 for general n. Given an integer n > 2, we have the
following unique representation:

n=292™ 4 9M2 4 ... 4 9M
where my > mgy > ---m; > 0 are integers. Write
ng=0 and n;, =2™ +..-+2™ i=1.-- L
Then

#{S[1,n]} = Z #{S(nir,nil} — X_: #{S(n;_1,n) N S(ng,n)}

l

-1
i=1 i=1
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Write l
Y n-YneYn
i=1 i i

where Y is the summation over i with 2™ > \/n and },” is the summation
over i with 2™ < /n. We also define the products []," and [],” in a similar
manner. Then

E exp {H(IOin)z ‘Z/(Bi —EB))
< H (Ee { Og") V0BT 5 ms (Z'zmﬂ')@m

J

)

<H (Ee { log2ml) Hog2™ )\ . })2% <Z]’/2mj>

log 2™
< sup Eexp {49w|R2m|}

Assume that the set {1 < i <; 2™ < y/n} is non-empty. We have

So we have
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Hence

E exp {9 (10%1 n) ‘ZH(B,- _EB,)

J
< H (Eex {6 1Og”> COBT) o, (Z"z’”ﬁ)\ﬁw

J

}) om; (Zj”2mj) _
-1
}) om; <Zj”2mj)

" 1 —
T (oo {20,
a H ( exp 205 s
1 _
< sup Eexp {292—m|R2m|}.
By the Cauchy-Schwarz inequality and what we have proved in the previous

step, there exists ¢ > 0 such that

E exp {9@‘ ZI:(BZ —EB;)

i=1

is bounded uniformly in n. By the fact that

(5.33) n—m; = 2MH o 2T L QT
we have
(5.34) A 2 #{S[1,27] N S n = nil} < o,

By (4.38) there is a constant C' > 0 independent of n such that

-1 -1 L om;
(5.35) D EA <D Bl <CY iﬁ
i=1 i=1 2mi z:ll 2mi

<C ) — +C > —

my<l/2 " m;>1/2

<% 4+ ¢

(log n)?

= “logny
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It remains to show that

(log n)? —

n

(5.36) sup E exp {9 Al} < 0.

i=1

Using (5.35) this follows from (5.25), (with p = 2), and the same argument
used for By — EBy,---, B, — EB,. O

_In view of the remark prior to Theorem 5.4, the next result shows that
R, has a non-symmetric tail behavior.

Theorem 5.6 Under the assumptions of Theorem 5.4,

2_

Rn}<oo

1
(5.37) sup E exp {9( Oin)

for all 6 > 0.

Proof. By Theorem 5.4, (5.37) holds for some 6y > 0. For § > 6, take an
integer m > 1 such that m='6 < 6. It is easy to see that it suffices to prove

2_

an} < 00.

(5.38) sup E exp {6’ (l(jiz)

n

Set i = #{S((j — 1)n, jn]}. By the facts that

B < icj_-mu (imn) — ERpm
pur =1

and that by (4.23) and (4.24),

(i Ejn) — ERpy = mER, — ERpy,
j=1

- 7%) + O(HTS)Q B HTn?n) * O(%)

= H(n;?;{( )(H(mn) —H(n)) + O((logn)z)
- O((log n)2>



as n — oo (note m is fixed), there is a constant C,, 9 > 0 depending only on
m and 6 such that

2_

R"’”} < Cm (EeXp {HME})”

mn

(logn)
mn

Eexp {9

So we have (5.38). m

6 Moderate deviations for R, — ER,

We can now prove Theorem 1.1.

Proof. We first prove the upper bound. Let ¢t > 0 and write K = [t71b,].
Divide [1, n| into K disjoint subintervals, each of length [n/K] or [n/K]+ 1.
Call the " subinterval I;. Let E; = #{S(I;)}. Then

K

R, < iﬁj + (Y EE;) -ER,
j=1

j=1
From (5.1) we have

(6.1)

K
Y EE; - ER,
j=1

B n/K  n 1 n/K  n o1
B KH([n/K]) H(n) * Qm/detP{KHz([n/K]) H2(n)} + <H2(n)>
_ n(H(n) = H([n/K])) {1 L R — H(WK])}

H?(n) H([n/K])
n  (H3*(n) — H*([n/K)) n
* H2(n){ H2([n/K)) ft O(H?(n))’

where the error term can be taken to be independent of {b,}. (This is where
the hypothesis logb,, = o((logn)'/?) is used.) Since

n

H(n) = H(n/K) = > P{S =0}~

k=[n/K]+1

log K
2my/det T
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we have

=  n(H(n) — H([n/K))) n
(6.2) S EE, -ER, = ) n O(H n)).

Hence for any A > 0,
p{ﬁn > (H(n) - H([n/bn]))}

H?(n) 2
exp { — b, (H(n) — H([n/bs))) }E exp {A%En}

< exp { = M. (H([n/ ) = H([n/bu))) + o(b) }
X (Eexp {)\H2(§)bnﬁl})K.

IN

Notice that

. logt
lim (H([n/K]) —H([n/by])) = —F—
Jim (oK) = (/) =
and that by [24, Theorem 6.1] or (2.2),
H2(n)bp— 27t

EF,— -,
n ! 27T\/detF71

where , is the renormalized self-intersection local time of a planar Brownian
motion. By Theorem 5.6 and the dominated convergence theorem,

E exp {)\H2(:)b"E1} — Eexp { — )\L%}

2rvdet I’
Consequently;,
(6.3)
lim sup b1 1og19>{ﬁn > " (H(n)— H([n/bn]))}
n—oo ~ H%(n)
logt 1 27t
< A——+ -logEex — A
— 2m/detD’ ¢ & P { 2mv/det F%}
B A o A
2mvdet I s 2rvdet I’
1 pY A 2mt
+ —logEexpq — lo - A )
g OsTeP { drVAet T 2m/det T 2my/det r%}
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The limit
1
(6.4) C= tlim p logEexp { — tlogt — 2wt }

exists. Indeed, for any s,t > 0,

Yot = Ve + Vs + / / oWy —Wy)dudv — E / / o(Wy — W,)dv du
s+t
> v+, — E/ / So(Wy — W,,)du dv
o Ji

where

o = / / So(W,, — W,)dudv — E / / do(Wy = Wy )du dv
t<u<v<s+t t<u<v<s+t

has the same distribution as v, and is independent of ;. Notice that

s+t 1
// o(Wy — W,) dvdu—// dv du
27rv—u

[(s +t)log(s +t) — slogs — tlogt]

27T

Summarizing what we have,
E exp { —(s+1t)log(s+1t) — 27rfys+t}
< Eexp { — slogs — QWVS}EeXp { —tlogt — 27T7t}.
Therefore, the limit

1
tlim n log E exp { —tlogt — 27T'yt}

exists. The existence of (6.4) follows since by scaling ~, 2 1.

Set
L =exp(—1-0C).

Letting t — oo in (6.3) gives

lim supb,; 1logIP’{Rn > H;z ]

A A A
< lo +C )
2nvdet I’ & 2nvdet I’ 2nvdet I’

(Hn) = H([n/ba)) }
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Taking
A

— = —-1-C
2myv/det I’ exp{ }

then yields

liin_)s;jpb;l log IP’{F” > H2(n) (H(n) - H([n/bn]))}

<—exp{-1-C}=-L.

We now prove the lower bound. The proof is similar to that of Proposition
4.4 of [5]. Fix n and let K = [b,]. Let M = [n/b,]. Let I; be the interval
(m;, mj41], where the m; are integers such that my = 0, mg = n, and
mji1 —m; is equal to either M or M + 1.

Let e be a vector of length v/ M and let B(x,r) be the ball of radius r
about x. Set

Ey =#{5()},  Hy =#{S([;) N S(I;-1)}.
Let
(6.5)  Aj={Sm,, € B((j + Ve, sVM)} n{S(I)) € B((j + 3)e, VM)}
and
(6.6) Bj = {E;j(log M)*/M > —c1}

where we will select ¢; in a moment. By the central limit theorem, we know
P "i-1(A;) > ¢, on the event A;_; if n is large. By [24, Theorem 6.1] or
(2.2), PSmi-1(A; N B;) > ¢y/2 on the event A, if we take ¢, sufficiently
large. If we let

K-1
F=()(40n8)),

J=0

then by the Markov property applied K — 1 times we have

(6.7) P(F) > (cp/2)5 1.
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On the set F' we have that S([;) is disjoint from S(I;) if |i — j| > 1, and
so on F

K

(6.8) R, = iﬁj + ((ZE@) —ERn) - EK:H]

j=

On the set F' the event B; holds for each j, and so

K _ aKM c3n
(6.9) ;Ej = ~ (log M)? = ~(logn)?
As in (6.2),
= _ n(H(n) = H([n/K])) n
(6.10) (> EE) ~ER, - oL + O(H(n>2)

i=1
if n is large.

Let A > 0 be chosen in a moment. Let

nA nA
¢ Z 7= (logn)? [’ s Z 7= (logn)?

{j odd} {j even}

Set G = FNCyNCs. For j odd the H; are independent, and by Theorem
5.3 with p =2

H.
P :p< L BN KA)
0 =*( 2 ioeare =
{j odd}
6—0405KAE605(ZHj)(IOgM)Z/M

where ¢y, ¢35, cg do not depend on A and without loss of generality we may
assume cg > 1. Choose A large so that e=%%A < ¢-2. When n is large, K will
be large, and then P(C) < P(F')/3. We have a similar estimate for P(Cy),
SO

P(G) > (cp/2)571/3.
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Set v, = H(n) — H([n/b,]). On the event G

& nA
A1 H <2——
(6 ) Z J = (lOg n)27
7=1
and so combining (6.9), (6.10), and (6.11), on the event G
_ cy 9
. > - — .
(6.12) R, > (1 Un)nvn/H(n)
Therefore
— c
(6.13) IP’(Rn > <1 - i)nvn/H(n)z) > cgCy”.

Define b, by v, = H(n) — H([n/b),]) = v, + ¢7. If we apply (6.13) with b,
replaced by b, we have

P(R, >nv,/H(n)?)
_ p(ﬁn > (1 — ;—f)nv;/H(n)2>

n

bl
> CgCy".

We now take the logarithms of both sides, divide by b,,, and use the fact that
the ratio b, /b/, is bounded above and below by positive constants to obtain
the lower bound. O

Proof of Corollary 1.3: Assume first that S, is strongly aperiodic. We
have by Proposition 5.2 that

1 1

6.14 BS, —0)— — ~ _ Lof—L
( ) ( ) 27‘(‘7}\/@ <n(10g n)1/2>
Then, if v denotes Euler’s constant

(6.15) ilzlogn+w+o(l)

k=1 k n
and
- 1 " dx

6.16 . _de U

( ) p ]{j(lOg ]q;)l/Q — L :L’(log .],’)1/2 ~ Cl( og n)
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so that

s —0) =1+~ S (Lio( L
(6.17) H(n) :];IP (Sk—O)—1+2wm]; <k+0(k(1ogk)1/2>)

L (logn+7 + O((logn)l/2>>

" ory/det T
logn 1
2mv/det T ( <(1og n)1/2))
Similarly
- 1
(6.18) Z W < 6 ((log n)1/2 - (log(n/bn))l/z) :

k=[n/bn]+1
To evaluate this note that

(6.19) (log(n/by))"/* =

logn — log by,)'/?

(

= (logn)*?(1 — log b, / logn)'/?
= (logn)?(1 + O(logb, /logn))
= (logn)"? + O(logb,/(logn)"/?)

by our assumption that log b, = o((logn)'/?). It follows that

(6.20)  H(n) = H([n/ba]) = 2NE Z (%W(W))

log b,
og by +0 logn)1/2>)

logn 1/2>) ’

log by,

-
(o

o Vdet T
We then have that

B nlogb, 1
2”“3mm»C+OQ%mWD

_9/de nlogb, "

=27Vvd tr(logn) (1+ay),
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where we use the last equality to define a,,. Let

~ o 1
(6.22) 1+, = (1+a,) _1+0(7(10gn)1/2>.

Then if we set
(6.23) By, =: bL+an — pli+an)™

we see from (6.21) that

(H(n) = H([n/ B])) = 27 /det T80

(6.24) llog 1)°"

H(n)?

Also, logb, = (1 + @) logb, = o((logn)*/?), so that Theorem 1.1 applies to
b,, and indeed to b for any 6 > 0.

Note that
of1+0 1))
(625) Ze _ bn<+ ((10gn)1/2

= b exp (O(%))
= bn(1+ 0(1,))

by our assumption that log b, = o((logn)'/?). Hence by (6.24) and (6.25)

A_ _ on, .
(6.26) bnelogIP{Rn > (10 = H([n/bn]))}

= (1+o(1,))b;° logIP’{En > 20V det I'

nlogb, }
(logn)?

Together with Proposition 5.2, Theorem 1.1 applied to gfl proves the corol-
lary in the strongly aperiodic case. The modifications to handle the case
where S,, is not strongly aperiodic are very similar to those in Section 2 of
27]. m
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7 Moderate deviations for ER,, — R,

To avoid difficulties connected with subdividing time intervals, it is more
convenient to look at the continuous time analogue of S,,. We let T1,Ts, . ..
bei.i.d. exponential random variables with parameter 1 that are independent
of the sequence S,,. Define Z, = S, if > [T, <t < Z?;l T;. Z;is a Lévy
process that waits an exponential length of time, then jumps according to X7,
and then repeats the procedure. Define Ny = nif > |T; <t < Z?:ll T;.
Note that N, is a Poisson process with EN; = t and that Z;, = Sy,. We write
|Z|a, b]| for the cardinality of {Z, : s € [a, ]}

Theorems 5.3 and 5.4 have the following analogues for continuous time
processes. We omit the proofs, which are almost identical to the proofs given
for the discrete time random walks.

Lemma 7.1 Let Zy(t), -+, Z,(t) be independent copies of Z(t). There is
C > 0 such that

(7.1) sup E 1 vp)
Y1, Yp

Z,00,4]0 -0 Z,[0,1]

"< ommgp-l(@)m.

Consequently, there is 6 > 0 such that

(7.2)
log t)?P (p—-1)""
sup sup EW¥) exp {9(@ Z100,t NN Zp[O,t]D ’ } < 00.
t Y1, Yp

Lemma 7.2 There is § > 0 such that

2
(7.3) sup E exp {e(loft) E|Z[0,4)| - \Z[O,tm} < .
t
Consequently
. 1 tb,
(T4 lmsup g log P{ [E| 2[0, ]| — |2[0,4]|| > AW} < -0,

We will prove Theorem 1.5 by first proving the following analogue for Z;.
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Theorem 7.3 For any A > 0 and for any b, satisfying by — oo and by =
0<(log t)1/5) as t — oo, we have

(7.5) tli%lobltlogp{'E\Z[o,t]\ - \Z[O,t]\' > A(lotgtt)Z}

= —(27) 2 det(T)/2K(2,2) 4\

The next proposition shows that Theorem 1.5 follows from Theorem 7.3
and Theorem 1.1.

Proposition 7.4 For any e > 0,

(7.6)  lim bilogIP’{‘\Z[O,nH - \S[O,n]|‘ > o "1n } = .

o0 O ~ (logn)?

Remark 7.5 Our proof actually gives a stronger result, but this is all we
need.

Proof. Observe that if n > m, then
(7.7) ’E|S[0,n]| - E|S[0,m]|‘ < E|S[m,n]| = E|S[0,n —m]| <n —m.
Consequently,

(78)  [EIZ0,nl - EIS[0,n]l| = [BISO, ]| - EIS[0,n] |
< EIN, —n| < CVa.

Hence, it suffices to show that for any € > 0

1 b/
- — > = —0Q.
(79 lim o logP{‘\Z[O,nH \S[O,n]|‘ >N } ~

Let M > 0 be fixed. On the event {|N,, —n| < M+/nb,}
(7.10) ‘|Z[0,n]| - |S[o,n]|) < [S[N, An, N, v n]|

4 }S[O, Nn\/n—Nn/\nH < ‘S[O, QM\/nan.
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So we have

P{)|Z[0,n]|—|5[0,n]|) fbg/z}

logn
\/7b3/2
(7.11)  <P{[S[o, 2M/nb,]| > = 1og2 b+ P{IN, — 0| > My/nb, ).
It follows from (5.30) that

(112)  supEexp{ ygT”S[o, 2M/nby] <00, 00,
n noy,

By the Chebyshev inequality one can see that

(7.13) lim —logP{‘S[U QMFH >5\/_b3/2}

n—oo b lOg n

We recall the classical moderate deviation principle ([11], Theorem 3.7.1).
Let & be a sequence of i.i.d. such that E¢; = 0 and EeMé! < oo for some
A > 0. Then the partial sum 7T,, = & + - - -+ &, obeys the following moderate
deviation principle. For any closed set F' C R

hmsupb—logIP{T /\/nb, € F} < —inf —

PPN zeF 20'2 ’

for any open set G C R
1
hmmfb—logIP’{T //nb, € G} > — 1nf x_2

where 02 = E£Z.

Applying that here,

(7.14) lim b—logIP{\N —n| > My/nb, } = -5
Thus,
3/2 M2
(7.15) hgljgp b logIP’{“Z [0, n]| — |S]0, \‘ \{o_gbn } <-4
Letting M — oo proves the proposition. 0

Thus we we need to prove Theorem 7.3. We recall the Géartner-Ellis the-
orem ([11, Theorem 2.3.6]).
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Theorem 7.6 (Gartner-Ellis) Let Y, be a sequence of random variables
and b, be a positive sequence such that b, — oo and such that the limit

n—oo n

.1
lim ™ log E exp {anYn} = A(0)

exists for all 0 € R. Assume that A(0) is differentiable and that A'(6) — oo
as § — too. Then for any closed set F' C R

lim sup bi logP{Y,, € F'} < —inf A*()\)

n—o00 n zeF

and for any open set G C R

1
liminf — logP{Y,, € G} > — inf A*(\)

n—oo by, z€G
where
A" (X)) sup{6X — A(0)}.

0eR

Thus to prove Theorem 7.3 it suffices to prove

(7.16) fim bilogEeXp {Qﬁ(logt)}E}Z[O,tH —~ }Z[O,t]”m}

t—oo by

= (O7)*\/det(I)k(2,2)*.

Let h(x) be a smooth symmetric probability density on R? with compact
support and write h.(z) = e 2h(e~'z). We have

(7.17) A=Y h(%) ~t, oo

x€Z2

The following lemma describing exponential asymptotics for the smoothed
range will be proved in Section 8.

Lemma 7.7 Let

(7.18) Ai(e) EA€<£)_2 Z [ Z h€< %(z—y))F.



For any 6 > 0,

(7.19) lim bllogEeXp {9\/§(log t) |At(5)|1/2}

t—oo Oy

= sup fom0 /A [ Ja? b)) "

geF
~5 [ (Ts(a. TVl

where

F={ge W®R?); |lgllz=1}.

Furthermore, for any N =0,1,... and any € > 0,

1 /b
lim — log E exp {6’ ~(logt)

(G S mfen)]) )

z€Z? -yeZ[0,2-Nt]

(7.20) < 27NF2r202, Jdet(T)k(2, 2)

The following lemma on exponential approximation will be proved in Sec-
tion 9. In this lemma Z" denotes an independent copy of Z.

Lemma 7.8 Let

Bt(j)(g) = A, (%) ~

o Y[ T o(ie-w))] T }he(\/b;t(x—y'))].

x€2? “yez[0,2-i1] y'e€Z'[0,2-t

Then for any 0 > 0 and any j =0,1,...,

lim sup lim sup —
e—0 t—o00 bt

(7.22) log E exp {9\/§(log t)} |Z]0,277t N Z'[0,277t]| — Bt(j)(g)}l/z} =0.
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These lemmas will be the key to proving Theorem 7.3. Before proving this
theorem, we present a simple lemma which will be used several times in the
proof of Theorem 7.3.

Lemma 7.9 Letl > 2 be a fized integer and let {&1(p); p > 0}, -+ {&(p); p >
0} be l independent non-negative stochastic processes.

(a) If there is a constant Cy > 0 such that for any 1 < j <1,

(7.23) limsupplogIP’{gj(p) > )\} < —Ch\, A >0,
p—0F
then
(7.24) lim supplogIP’{&l(p) +- 4+ &(p) 2 )\} < —ChA, A > 0.
p—0F

(b) If there is a constant Cy > 0 such that for any 1 < j <,

(7.25) lim sup plog E exp {p_19 fj(,o)} < Cyf?, 0 >0,

p—07

then
(7.26) limsup plogEexp {p_19\/§1(p) +- 4 fz(p)} < Cy6?, 6> 0.

p—0+

Proof. . Clearly, part (a) needs only to be proved in the case [ = 2. Given
0<d<Alet0=ag<a <---<ay =\ Dbea partition of [0, \] such that
ap — ap—1 < 0. Then

WE

P{&i(p) +&(p) > A} < P{&1(p) € lar—1, ar] }P{&a(p) > A — ar}

k

WE

(7.27) P{&(p) > ar—1}P{&(p) = A — ar}.
k=1
Hence
(7.28) lim 2upp10gIP’{£1(p) +&(p) > N}
p—0+
< én]%{ — Crap_r — C1(A — ak)} < —Cy(A—0).
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Letting 6 — 0T proves part (a).

We now prove part (b). By Chebyshev’s inequality, for any A > 0

A
(7.29) limsup plog P{&;(p) > A} < —sup{0VA — Cx0%} = ————.
p—0F 6>0 40,
By part (a)
A
(7.30) limsupplogIP’{fl(p) + 4 G(p) > AP < -, A > 0.

In addition, by the triangle inequality and by independence,

(7.31) Eexp{p*ewgl(p)+-~-+a<p>}sf[Eexp{p—le &)}

So by assumption, for any 6 > 0,

(7.32) lim sup plog E exp {p‘lé’\/&(p) 4o+ &(,0)} < 0.

p—0t

We will need the following Lemma. See [11, Section 4.3] for a proof.

Lemma 7.10 (Varadhan’s integral lemma) LetY,, be a sequence of ran-
dom variables and let b, be a positive sequence such that b, — oco. Let I:
R — [0,00] be a good rate function (which means that I(z) — oo as
|z| — oo, and that I(-) is lower semi-continuous).

(1). Assume that'Y,, satisfies the upper bound of the large deviation prin-
ciple: For any closed set FF C R

1
lim sup 0 loglP{Y,, € F'} < —inf I(x)

n—00 n zeF

and also the uniform exponential integrability

1
im limsup — logE [exp exp {bngo(Yn)}l{w(anM}} = —00.

|
M—oo 500 bn

Then for any upper semi-continuous function ¢ on R,

lim sup 1 log E exp {angp(Yn)} < sup{p(x) — I(x)}.

n—00 bn zeR
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(2) Assume that Y, satisfies the lower bound of the large deviation prin-
ciple: For any open set G C R

1
lim sup 0 logP{Y,, € G} > — inf I(z).

n—oo Un el

Then for any lower semi-continuous function ¢ on R,

lim inf bi log E exp {(%ngo(Yn)} > sup{p(x) — I(z)}.

n—oo  Up z€eR

(8) Assume that Y, satisfies the upper and lower bounds of the large de-
viation principle, uniform exponential integrability and that o is continuous.

Then
lim bilogEexp {angp(Yn)} = sup{p(z) — I(z)}.

n—00 Op, z€R

We apply part (1) of Varadhan’s integral lemma to our setting by iden-
tifying b, with p=! and Y, with & (p) + -+ + &(p). By Holder’s inequality,
(7.32) implies uniform exponential integrability. All we need to check now is
that (7.30) leads to the upper bound of the large deviation principle in the
form given in Varadhan’s lemma. Let 0 < a < b < oo be fixed and write

Y(p) =&u(p) + -+ &(p), I(N) = 555 Note that
P{Y(p) =z a} = P{Y (p) € (a,0)}.
By (7.30),

limsup plogP{Y(p) € (a,b)} < —I(a) = — inf I()).

p—0t A€E(a,b)

Since F' is compact, for any given 6 > 0, F' can be covered by finitely many
open intervals with diameters less than §. Let F° be the union of these open
intervals. Then we have

limsup plog P{Y (p) € F'} < — inf I()).
AeF?d

p—07
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Letting 6 — 0T on the right hand side proves that
limsup plogP{Y(p) € F} < —)i\ngl(k).
€

p—0F
To extend the above upper bound to general F', notice that for any b > 0
P{Y(p) € F'} <P{Y(p) € Fp} + P{Y(p) > b}

where F, = F'N[0,b]. Then
: < . B
llfr)rizlipplogIP’{Y(p) €eF} < max{ /\1&% I(N), ](b)}

< max{ ~ inf (%), —I(b)}.

Letting b — oo on the right hand side gives the desired upper bound:

(7.33) lim sup plog E exp {p‘19\/£1(p) +ot &(ﬂ)}
p—0
A
< — 2 = (062
< leig {9\/_ 402} Cs0

Proof of Theorem 7.3: We begin with the decomposition
2N

}23“)’ﬂ‘ ::jg:
k=1

N
(7.34) =
j:

1 k=1

2[5t ]

271

Z[ TRRIY TN

2k — 2 Qk_lt}ﬂZ[%_l %t]'

= It - Jt'
We first establish the upper bound. Let € > 0 be fixed. Since
(7.35)  E|Z[0,t]| - |Z[0,t]| = (EL, — I,) + J; — EJ, < (EL, — I,) + J;,
it follows that
(7.36) P{)E\Z[O,t]\ - }Z[O,t]” > )\tbt/(logt)z}

< P{}Eft — 1| > 5tbt/(logt)2} + P{Jt > () — a)tbt/(logt)z}.
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Notice that

oN
(737 [EL-1]<Y) E‘Z[%t, 2%:&“ - ‘Z[%t, QﬁNtH .
k=1

Replacing t by 27V, X by 2¥\ and b, by by =: byn, in (7.4) we obtain
(7.38)

. 1 -N -N tby N
hiriil:pb—tlogp{‘E‘Z[Oﬂ | - 210,274 | > A(logt)2} < -2V
Hence by Lemma 7.9,
. 1 Etbt N
By the triangle inequality,
(A —e)th N2 (A — e)th
7.40 P> S <SP > 2
(740) " (ogt)? S T ; { ,;gj’k — 7 (logt)?
where for each 1 < j < N,
(7.41)
2k—2 2k—1 2k—1, 2k ,
, = - =1.... 951
gj,k(t) - 'Z[ 2j ta 2j t] N Z|: 2j t7 2j i| ) k - ]-7 72 )

forms an i.i.d. sequence with the same distribution as

(7.42) |Z]0,277t] N Z'[0,277]|.
By [8, Theorem 1]

1 n
1 M 2) >N
Jim, Tog PRS00 SO 2 A Tt

= —(2m) 2 det(I') " 2k(2,2) 4N

where k(2,2) is the best constant of the following Gagliardo-Nirenberg in-
equality
1
1lla < CIVABIAL?,  Fe W 2(®?).
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The same result holds if the random walks are replaced by the lattice valued
Lévy processes so that (with 277¢ instead of t), for any A > 0,

lim — logIP’{|Z[O 2=it] N Z'[0, 27¢]| >
t—>oobt

(7.43) = —27(2m) "2 det(I") " Y2k(2,2) 74\

Therefore, by Lemma 7.9,

(7.44) lim — logP{ Zgj e > lAtbt } — _2j(27r)—2 det(r)_l/2l‘€(2, 2)—4)\‘

t—o00 t

In particular,
. (A — &)tb,
frg s =y
(7.45) — —(2m) 2 det(I)"Y2k(2,2) " (\ — ¢)

and therefore by (7.40)

(7.46) lim blt logP{Jt > %} = —(2m) 2 det(T)7?£(2,2) ™ (A —2).

Combining (7.36), (7.39) and (7.46) and letting ¢ — 0 we obtain

Atb, }

lim sup— 10?;1?{‘1[‘3}20 t]| = |2[0,1] M (logt)?

o b
(7.47) t i < —(2m) 2 det(T)Y2k(2,2) 74\
Using Lemma 7.10
(748)  limsup,_.,  logEexp {Hﬁ(logt)‘E‘Z[O, ] — 200, 1)] ‘1/2}
< supy.g {9>\1/2 — (27) 72 det(T)/2k(2, 2)—%}
= (0m)%\/det(T")x(2,2)%.

(The uniform exponential integrability is provided by Lemma 7.2.)
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We now prove the lower bound. Using induction on N, one can see that

1= (S 5 n(y )]

z€Z? - yeZ[0,t]

(7.49)  =: I,(c) + 2J,(e).

Therefore, with I, J; given by (7.34)

(7.50) E|Z[0,t]| - |Z[0,8]| = (EL, — ) + J, — EJ,
> (Bl — Iy) + Ji(e) — |Je — Ji(e)| — EJ;
> (Bl — I,) — 31,(g) — |y — Jui(e)| — EJ, + £ Ay(e).

We will see that the dominant contribution to the lower bound comes from
Ai(e). By the last display we see that

1 1
(7.51) §At(5) < \E\Z[O,t]\—\Z[O,t]\\+|EIt—[t|+§[t(5)+|Jt—Jt(5)|+IEJt.

and consequently

1 1/2 1/2
36| <[z - |z0.a| o+l -0
1 1/2
(7.52) +‘§[t(5) + [, — Ju(e) V2 + B, V2.

Notice that it follows from (7.1) that

(7.53) EJ, < Cy

(logt)*
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If p is such that p~' + p~! = 1, then by the generalized Holder inequality
with f = Gﬁlogt we have

‘1/2

1
epl|lae)
p'2

1
< ecN\/E

3p

expg‘E‘Z[O,tH ~|2[0, 4[|

exp i|EIt — I,|"?
p

p

(7.54) || exp g}%]t(s)‘l/z

exp £|Jt - Jt(z€)|1/2

3p 3p

Taking the p-th power and noting that p/p = 1/(p—1), this can be rewritten
as

) EeXp{e\/%logt))E}Z[o,tH - »Z[o,tH)“}

> e CN\/_[Eexp{ 391\/67(10gt)|EIt Mm}]
: :Eexp{%\/bj(lo DI >1/2}r‘_31
x :Eexp{%\/a(logt>|Jt e >|1/2}]
x -Eexp{é\ﬁ(logt)mt( >|1/2}r_

p—1

_p—1

By Lemma 7.7

(7.56) hmb logEeXp{;p\/E(logtﬂA (e )|1/2}

tiﬁﬁ{ T [ <)
_ %/W(Vg(x),FVg(x»dx}.

This will give the main contribution to (7.55). We now bound the other
factors in (7.55).
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Using Lemma 7.9 together with (7.48) (with t replaced by 27Vt, 0 by
27N/20 and b, by b, =: byn,) we can prove that for any 6 > 0,

1
(7.57) lim sup b log E exp {9\/§(log t)|El, — Mlﬂ} <27 NCg2

t—oo t

Using (7.20) and Lemma 7.9, we see that

(7.58) lim sup bl log E exp {9\/?(1@; t)It(E)l/z} < 27NCH?,

t—o00 t

where C' > 0 does not depend on . Notice that

N 2971
(7.59) [ Je = T <D0 1KG(e)l,
j=1 k=1
where
2k—2 2k —1 2k—1 2k
Kjule) Z[ TR t} mZ[ 5 U 95 H

AG)E[ 2 (i)

2 o — —
z€Z yeZ[Q’zjzt, 2k_1t]

27

(7.60)
b
T n(yre-w)
Foreach 1 <j < N, Kji(¢), -, K;ov-1(c) forms an i.i.d sequence with the

same distribution as BY )(5). It then follows from Lemma 7.8 and Holder’s
inequality that

1 /b
(7.61) lim sup lim sup — log E exp {9 ?t(logt)ut — Jt(5)|1/2} = 0.

e—0 t—00 bt
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Hence

1 b, 1/2
htmlnfb logEexp ¢ 6 ?(logt)‘E‘Z[O,tH — ‘Z[O,t]“

- 3 \p—1

1 36 b
—p3 hltriigpbt logEexp{p TV 3 —logt|J, — ()|1/2}

/2
—i—psup{ det(T" </ |(g* * he) \d:c)
geEF

— 2 [ (V) TVg(a)da .
. |

Take limits on the right hand side in the following order: let ¢ — 0%, (using
(7.61)), N — oo, and then p — 1. We obtain

(7.62)

hggfbl log E exp {eﬁ(bgt)‘E}Z[o,t]} — ‘Z[O’t”‘m}
> sup {ro /@0 | lotol'ae) Tl | (Vate). 19t

- v { ([ 1) L [ wrwpe)
= (70)*y/det(T)k(2,2)*,

where the second step follows from the substitution g(z) = /| det(A)|f(Ax)
with the 2 x 2 matrix A satisfying

(7.63) A'TA = (70)%\/det(T) Ly

(I5x2 is the 2 x 2 identity matrix), and where the last step follows from the
identity

aon swf{( [ 1) rl [ wsPah w2y

which is a special form of Lemma A.2 in [7]. Here we give a proof.

59



For any f € F,

([1sora)” =L [ wsra

1/2
< m<2,2>2( / IVf(w)\2dx) —5 [P
< sup{K(2,2)%0 — %e%(z, 2)

0>0

so that

sup {( ) If(fv)|4dx) o 5. |Vf(x)l2d:v} < w(2,2)"

feFr

On the other hand, for any C' < (2, 2), there is a g(x) on R? such that

1/2 1/2
lglla > ClIVallslgll5>.

By homogeneity, we may assume that ||gls = 1. Given A > 0, let f(x) =
Ag(Az). Then [|f][z = 1, [[V ][ = Al[Vg]|2 and

1/2

11l = 2 lglls > € (MIVle)

ap{ ([ I)iae) rl | wspac)

1 2
> C2||Vgll2 — 5 (N[ Vglle) -

Hence,

Since A > 0 is arbitrary,

2
p{( If(fv)|4dx) -1 |Vf(x)|2d:r}
fe]—‘ R2 R2
> sup{C?0 — %92}04.

0>0

This completes the proof of (7.64). 0
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8 Exponential asymptotics for the smoothed
range

In order to prove Lemma 7.7 we first obtain a weak convergence result.

Let 8 > 0 and write

(8.1) Arple) = Ac() ) { > hs(x\;{gyﬂz

x€Z? -yeZ[0,53t]

and

(8:2) Bigle) = A(t)” ) L%;ﬁﬂ ( Vi )H 2 h< Vit >]

x€Z2 y'€Z'[0,5t]

Let W(t), W'(t) be independent planar Brownian motions, each with co-
variance matrix I" and write

(8.3) // (he # he) (W (s) — W'(r))dr ds
and
(84) OA([O,T,P) = li_r}(l)ae([ovt]2>‘

Lemma 8.1

(logt

(8.5) [\Z AN Bt,ﬁ(g)}
~ (2m)2det(T) |a([0, B) - a=([0, )]

and

(8.6) (bft)QAtﬁ(g) 4 (27)2 det(T") /R 2 ( /0 ’ ha(W(s)—x)dsde.

ast — 00.
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Proof. To prove (8.5), we consider the following result given on p.697 of
[27]: if Z(s) = 22 then

(Z<t>(.),(zf)(t>(.)7 (1‘)?)2 }Z[o, Bt N Z'[0, ﬂt]D
(8.7) 5 (W0 W), 2m)? det(Da((o0, 1)

in the Skorokhod topology as t — oo. Actually, the proof in [27] is for the
discrete time random walk, but a similar proof works for Z.

Let M > 0 be fixed for a moment. Notice that

(8.8) Pre(z) = As(t)‘1h€<

Vi

defines a probability density on Z? and that

), x €72,

(8.9) P (%) — A(t)! ZZ h (%) exp {M : %} (N

uniformly on [—M, M]? as t — oco. Consequently the family

2 B8 8 ,
[/ ez)\-x(s)ds:| |:/ 6—2)\-y(s )dS,:| d\
0 0

are convergent continuous functionals on D ([0, A, ]Rz) ®D ([O, A, RQ) . There-

(8.10) vi(z,y) = /

[_MvMP

@,E(%)
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fore

[/Oﬁtexp {z’)\- Z\g)}ds} {/Omexp{ “ix Z’(S’)}ds,] i

logt t)? 1210, 8t] N Z'(0, 3] })
([N
[/Oﬁexp {i)\ . Z(t)(s)}ds] {/Oﬁ exp{ — - (Z’)(t)(s’)}dsf} ),

(loi 2 1200, 8] n /[0, Bt] })

d T 2 7 iAW (s) 7 —iIXW(
- |h(\)] e ds e ds'| dX,
[—M,M)? 0 0

(8.11) (27?)2det(F)a([0,6]2)).

<

It follows from (5.30) that
logt
(8.12) sup E exp {e%\zm,t]\} <
t

for all # > 0. We will show that uniformly in A € [—M, M]?

i 8] [ {in 2
(8.13) QW;% 3 exp{z)\ \[}' —0.

z€Z[0,6t]

Using the inequality
|AA" = BB'| < |[A(B - B)| + (A - B)B/,

the Cauchy-Schwarz inequality and (8.12), we see from (8.13) that uniformly
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in \ € [-M, M]?
tlgonoéE‘ Uoﬁt exp {M- Z\(/?}ds} [/Oﬁt exp{ —iX- Zﬁ/)}ds’}
(8.14) - (2“1/0%) { E;ﬁt]exp {ir- 7}}
3 )]

x€Z'[0,0t]
= 0.
Together with (8.11) this shows that
logt 2/ A2
—S” [ it
((27Tt> [—M,M]z ¢ (\/{f)‘
x x
Z exXp A — ]{ Z expi — A — ]d)\,
LeZ[O,ﬁt] { \/%} '€ 2'(0,51] { \ﬁ}
(logt 200,860 Z'[0 m]\)
d 7 2 g iIXW(s) g —iIANW/(s') 7.t
— | det(I") . [h-(N)| i e ds e ds'| dA,
—M, 2 0
(8.15) (2m)2 det(I)a([0, 5]2)) :

Notice by (8.9) that for any 6 > 0, one can take M > 0 sufficiently large
so that

(8.16) Pe( )| <6 xe (=i Vin\ pr

if ¢ is sufficiently large. Consequently

PINE: x
17) H, = (2 ‘ { P ]
(8.17) t /[—\/Ew,\/inp\[—M,MP D, <\/1_5) we%ﬁt] exp {Z)\ \/1_5}
X expq — i\ - i/ ] d)\‘
xR

(2m)%t| Z[0, Bt) N Z'[0, Bt]).
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2
It follows from (7.1) that (log t/(27rt)) H; — 0 in L' uniformly in large ¢ as
M — oo. Therefore, using (8.15) and the fact that h € L2, we obtain

(o) Lo @,a(%)ﬂx > en{n 2]

€Z[0,61]

x[ S exp{—z)\ —}} A\, (loft)2}2[o,ﬁt]mZ’[O,ﬁtH)

2'€2'[0,61] Vit
4, <det(F) 5 |/fze()\)|2{ /0 ’ eM'W(S)ds] [ /0 ? ds} ),
(8.18) (2m)2 det(I) ([0, 5]2)) :
Note that

Bt,ﬁ(g)ZZ[ZA()lh(_m > A (ﬁy>]

x€Z? -yeZ[0,5t] y'€Z'[0,6t]

D DD SN D Sr R y'>].

yeZ[0,8t] y'€2'[0,0t] - x€Z?

It then follows from Parseval’s identity that
(8.20) (27)%t By (e).

o o] ¥ }AH > o

yeZ[0,0t y'€Z'(0,6t]
/[—\/{71’ V)2

Sy
[ 3 exp{z)\ 7}” S exp{—i)\-\y/—%}}d)\.

yeZ[0,5t] y'€2'(0,51]

Similarly, using the fact that h. is symmetric so that /f\LE()\) is real
ﬁ . ! !

(8.21) / (he(A)[? U NW(s s} U e W (S)ds’] d\ = a.([0, 5]%).
0
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Thus, we have proved

t t
5 ((2m)? det(T)ac([0, 7). (2m)* det(D)a([0, 1) ).

(8.5) follows from this.

(5.22) ((bgt)th,ﬁ(a), W02 710, 5t 2710, 51 \)

Thus to complete the proof of (8.5) it only remains to show (8.13) uni-
formly in A € [-M, M]?. We will show that for any 6 > 0 we can find §' > 0
and ty < oo such that

2

1 Pt o Z(s) pt _Z(s)
(8.23) t_2E /0 exp {z)\ : W}ds — /0 exp {w : W}ds <0
and
log ¢\ 2 T oz
(8.24) — ) E exp i\ — p — exp iy — ' )
( IEZE[O:,M { Vi } IEZz[O:ﬂt] { Vi }

for all t >ty and |\ — | < ¢'. We then cover [—M, M]? by a finite number
of discs B(\g,d’) of radius ¢ centered at \g, k =1,..., N. Define 7(\) = \¢
where k is the smallest integer with A € B(\g, ¢'). It follows from [8, (4.11)]
that for a planar random walk S,, satisfying the assumptions of Theorem 1.5
and a bounded continuous function f on RY,

%E[;f(%> 2w5§:TZf( ﬂ !

as n — oo. This treatment used in [8] can be easily modified so the result
can be extended to the Lévy process setting. Thus,

%E[/;f(z\(/;))ds 27“;)% 3 f(—)} —0.

EZ Ot
In particular, we can choose t; < oo such that forallt > ¢, andk=1,..., N,
(8.25)
1 /ﬁt L Z(s) _ logt 2
—E exp {z)\k . }ds Z exp{ } < 6.
2 Jo Vi 27/det(T se T Vi
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Hence, uniformly in A € [—M, M]? we have that for all ¢ > ¢,V t;

(8.26)
1 Pt L Z(s) _ logt 2
—=E : ds — E <30
¢ /0 exp{ Vit } ’ 27+/det(T Ezoﬁt]eXp{ \/f}

proving that (8.13) holds uniformly in A € [—M, M]?.
(8.23) actually holds uniformly in ¢. To see this note that

(8.27) %E /Oﬁtexp{' -Z\;?}ds—/omexp {m. Z\(/‘?}ds
SlE /ﬁt‘)\_ﬂ\Z(s)\dSZ

A\ — ~[2 Bt Bt
A=A 7| / / s)||Z(r)|dsdr

IA—7|2 e
<C " / / Y212 dsdr < C'|x— .
o Jo

As for (8.24),

2

(8.28) E

Z exp{i)v%}— Z exp{#w%}

z€Z(0,6t]

< 4E {|Z[O> ﬁt]|21{sup5§m |Z(S)|ZC\/¥/}}

2 |$‘
+|)\ - ’7| E { } Z \/— {SUpsgﬁt Z(S)<C\ﬂ}}

x€Z[0,6t]

<4E {|Z[O7 ﬂt”21{supssﬁt |Z(S)|ZC\/¥/}} + C2|>\ - 7|2E‘Z[07 6t]|2

and by (8.12)
(529) 4E{|1Z00, 8Py, 12000 } + CPIA = 1 PEIZD, 5]

1/2
4 {E(\Z[O, B P(sup |Z(s)| > C\/¥>} £ C?A— 4 PE|ZD, 5P

s<p[t

< <%)2 (4 {P(fll}i Z(s)| > C\/i)}l/2 +C2\ — 7|2>-
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Taking C' large and then choosing ¢’ > 0 sufficiently small completes the
proof of (8.24) and hence of (8.5).

We now prove (8.6). Using the facts that A.(t) ~ ¢, that

1 T — 2

s o] /[zh@ 2| as
x€7Z2 -yeZ|0,5] y€Z|0,5]

(8.30) = o(1)|Z[0, BH]%,

(where the boundedness and continuity of h. is used), and (8.12) we need
only show that

s (B[] T )|

y€Z[0,6t]

— (27)? det(T) /R 2 ( /0 e (W(s) —a:)ds)2d:)3.

By the Parseval identity,

(8.32) /{ 3 h(m \[)]de

yeZ[0,51]
e he (:c — i) dx
/Rz > Vi

~(n) [

R? yezo, ﬁt]

= (2m)? / / he(z)e™ xd:c Z exp { }
R? R? y€Z|0,5t] ﬂ

g ‘ﬁe( Z exp {Z)\ KA }‘ dA.

y€Z[0,6t]

Let M > 0 be fixed and \j,---, Ay and 7 be defined as above. By [8,
Theorem 7],

(8.33) logt( > exp{ } »Y eXP{MN \[})

y€Z[0,51] y€Z[0,5t]

s s
4, (2m) det(F)(/ eM W) ... ,/ e”‘N'W(s)ds).
0 0
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In particular,

(8.34) (ngt)Q /[_M,M]z

> i 2o

y€Z|0,5t]

logt . Y

2

— Z exp {z)\k . %}
y€Z[0,5t]

2

dA

2

MW ) dsl d)

0
s
/ 627()\)~W(s)d8
0
Notice that the right hand side of (8.34) converges to
(8.35) (27) det(I) / 7o (V)]

B
/ ez)\-W(s)dS
[— M, M]? 0

as N — oo. Applying (8.24) to the left hand side of (8.34) gives

oo () [, B0 S oo 23 o

det Z

= (27)% det(T) /[_M s |/};a()\)|2

2

.

2
d\

~ s 2
—L, (27m)% det(T) / |ho(N)? / MW ds| d.
[— M, M]? 0
As M — oo, the right hand side of (8.36) converges to
2
(8.37) (27)%det(T) [ [hOV)] [ e*WE)ds| dA
R2 0
8 2
:det(F)/ </ hE(W(s)—x)ds) dx
r2 \ Jo
by Parseval’s identity. Note
8.38 H, ::/ exp {iA - — | dA
( ) oM R2\[— M, M]? Z { \[}

y€Z[0,0t]

< |io, 00" [ (V)2
R2\[-M,M]?

69



27t
L' as M — oo uniformly in t. Therefore, using the last three displays, we
obtain

~ 2
It follows from (8.12) and the fact that h. € L? that (loﬂ) H{, — 0in

(8.39) (ngt>2 5 [he(N)?

—L, det(T") /R (/f he(W(s) —x)ds) da.

Proof of Lemma 7.7: Let T" > 0 be fixed for the moment. Write
v = t/[T~1b;]). We have

E exp {eﬁ(logt) (A <bt) ZGZZ; Lg%t he (\/7 )>r)1/2}
E exp {9\/?(103“ t)
(8.40) ><<A ( ) > { > he (\f )>r)1/2}]

x€Z? “yeZ[0,v¢]

[Tﬁlbt}

We obtain from Lemma 8.1 (with ¢ being replaced by t/b; and 8 = T')

b(logt)2A< ) Z{ 3 h(\f ))r

T€Z2 “yeZ[0,v¢]
(8.41) L, (2m)2 det(T) / ( /0 ' hE(W(s)—x)ds)2dx, t — oo.

R2

70



In addition,

by (1ogt)2A (bt)_QZ { > h€<\/§(x_y))r

r€Z? - yeZ[0,vt]
<%<1ogt)2A€(b3t) [1hllool 210, )] > h(\f )
yExZe[%?t]
_btl 2A t_zh Z[0,7]|? h\/bT
s (£) i (5

s42) = 0(%) toge? 1 Z0,lP,

where in the last step we used (7.17). (8.12) together with (8.41) then implies
that

mo {00 (3) st (o [ S ()] ) )

(8.43) — Eexp {%9\/@ < Jeo < [ he(W(s) — x)ds) 2d:v) 1/2}.
Combining (8.40) and (8.43) we see that
(8.44)

limsupbllogEeXp {Hﬁ(logt)mt(e)“ﬂ}
t—o00 t
1 T 2\ 1/2
< TlogEexp{Qw@Vdet(F)(/ (/ ho (W (s) —x)ds) dx) }
r2 \ Jo

Then the upper bound for (7.19) follows from the fact that

hmTlogEexp{Qwe\/W < / ( /T (W(s)—x)ds)zdx>l/2}
= sup {oro T [ maoPar)

Q/RZWQ(:U) I'Vg(z ))dx},
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This is [10, Theorem 7]. (Or see the earlier [7, Theorem 3.1}, which uses a
slightly different smoothing).

We now prove the lower bound for (7.19). Let f be a smooth function on
R? with compact support and

(5.55 5= ([ 1sopar) =1

We can write

w0 Sz Een)])”

x€Z? ~yeZ|[0,t]

V(L hs(\/%[x]—y))rdx)m

yeZ[0,4]

(L[5 5 -] )"

Hence by the Cauchy-Schwarz inequality,

Sz Wreal)

(LI (i) =)
= [ S (e - e

yeZ|0,t]
(8.47) = [ f(z) Z he (1’ - \/§y>dx +0(1)|Z[0,t]|, t— oo,
R yeZ[0,1] t

where O(1) is bounded by a constant. In view of (4.12), recalling that

Ve~ ([ 2 nle-w)])

z€Z? -yeZ[0,t]

and using Hoélder’s inequality one can see that the term O(1)|Z]0,t]| does
not contribute anything to (7.19).
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By [8, Theorem §|,

(8.48)

hggf; logEeXp{thl?gt Z (f*h )(\/%y)}
> 2161313 {QWHM/ f*h) (x)dx — % /Rz<Vg(z), FVg(:E))dx}
= ilelg {QWQW )(g? * he)(z)dx — %/RQ(VQ(QZ),FVg(x»da:}.

We see from (8.47) and (8.48) that

(8:49)  lim inf L log E exp {Hﬁ(log t)|At(6)\1/2}

t—oo by

>sup{27r9\/det )(g? * h.)(x)dx

geF

-5 [ (Vo). Vgl ).

Taking the supremum over f on the right gives
1 by 1/2
(8.50) hm 1nfb logEexp ¢ 6 ?(log t)|Ae(e)|
> sup{27r9\/det(F)</ (g% * he)(z)] d:z:)
geF
-5 [ (Vo). Vgl ).
R2

/2

This completes the proof of (7.19).
To prove (7.20), in (7.19) we replace t by 27V, @ by 2=V/20, b, by b, =: byn,
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and ¢ by 2V/%¢ to find that

(8.51)

lim bltlogEﬂexp {Hﬁ(logt)
(62l 2 mWEea)])

z€Z? -yez[0,2-Nt]

. 1 —_N/2 527Nt
tli)r(r)lo o log E exp {2 /24 m(log t)

(o [ 5 (o))

¢ x€Z? “yez[0,2-NY

-5 [ (Vo) TVg() e .

= (er2 )" Vi { ([ 150100

- [ vr@pa)

= 27N 22202, /det(I)k(2, 2)*,

1/2

where the third step follows from Jensen’s inequality, the fourth step follows
from the substitution g(z) = /|det(A)|f(Az) with the 2 x 2 matrix A

satisfying
ATTA = (2727N20) /et (T) Lo,
and the last step follows from Lemma 7.2 in [7]. O
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9 Exponential approximation

Let t1,--- ,t, > 0 and write

k

k—1
(91) Alz[O,tl], and Ak: |iztj, th:| ]{;:2’ ,a.
7j=1

J=1

Let p(z) be a positive symmetric function on Z* with y_ ;. p(z) = 1 and
define

Y

9.2) L= Z {}Z(Aj) NZ'(Ay)| - Z p(x)|Z(A;) N (Z'(Ay) + )

J,k=1 x€Z2

and
(93) Lj = }Z[O7t]] N Z/[O7th

=Y p@)|z[0. 10 (20, 4] +2)|, j=1--,a

€72

Lemma 9.1 For any m > 1,
(9.4) EL™ >0
and

1/2 m! 1/2 1/2

: ml < — Rl ko L0
(9:5) {EL } < 2 Kyl - - -ka!{E‘Ll‘ } {E‘La‘ }
kit tka=m
k1, ka>0

Consequently, for any 6 > 0

. gm 1/2 @ o 1/2

. —JdEL"} T < — i
(96) mZ:Om!{EL } _jl:[lmzzom!{Ewy‘ }
Proof. Write
(9.7) PO = plx)e™.
T€Z?



We note that

(9.8) [PV < p(0) =1.
Notice also that
(9.9)
1 ~ - AT - —ida!
=g LR CV | DD DIRES 1D DD DRt
[—m,m]2 i=1 zeZ(A;) =1 a'ez'(Ay)

We therefore have

1 7lm:1
(9.10) (TT [ —p0]dn),
k=1
where
(9.11) Hij(A) = Y e
x€Z (A )

m 1/2
(H [1- ﬁ(kkﬂd)\a } :
k=1
Note that for any k > j we can write

(9.13) H(\) = > e = 2gi(y),
z€Z(Ag)
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where

(9.14) ngj)()\) _ pire

is independent of F;,.

Let 1 <y, -+ ,l, < a be fixed and let k; = >~ 6(l;,7) be the number
of I’s which are equal to j, for each 1 < j < a. Then using independence

(9.15)

/([_7r . )E(Hh (Ay) - Hl7,L()\m)> ‘2 ( ﬁ [1—DP(\)] d)\k>

:/([_M]Z)kl E[exp {i( _ ZJAN) Z(t) } % (Hl(Au)“-Hl(ml))}
(f[ 1 _ﬁ()\l,l)}d)\l,l).
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Notice that by symmetry

(9.17) lexp{ (ZZ)W) }(Hl()\ll) Hl()\Lkl))]

Jj=2 1=1

is real valued. Hence if Z’' denotes an independent copy of Z, and Hj is
obtained from H; by replacing Z by 7,

(9.18) F(Xon,- 3 A2k 3 Al Aaka)

a kj

:/([_mr]?) [exp{ ( Z)‘Jl)' (t1) +Z/(t1))}

. H (0w )| (TL - 0na)av,)

=1

{ {(ZZM) 2(t)+ 7))}

7j=2 I=1
k1

S
([=mm]2)k1 11:[

1

k1

(Hl(AmH{(Al,l)ﬂ (TT (1 =pun]drn).

1=1
By the fact that

k1

(9.19) /
([—mm]2)*1 lH

=1

(FOw) ;) (f[ (1= H0)]dA)

- |:/[—7T77r}2 [1— DN Hi(N)H(N) dk} " = (2m)P Lk,

we have proved that

/(_ﬂ o ’E(Hll(h) .. .Hlm()\m)> ‘2(ﬁ [1 — ﬁ()\k)]d)\k>

k=1
< GrpEiL [ B(TT (201 0|
(=mrl2ym b NG
a kj
(9.20) ( H H [1—Dp(\)] d)\j,z> :
j=2 1=1
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Repeating the above procedure,

/([ o )E(Hh M) Hy, (A )‘ (H [1 -7 Ak)}d)\k>

(9.21) < H {(2W)2kJE|Lj|’w} — (2m)?" HE|Lj|kj.

j=1 7j=1

Our Lemma now follows from (9.12).

Proof of Lemma 7.8: Define

92) e =A (L) Zzh(\f (). sez

Then ¢; () is a probability density on Z?. We claim that
(9.23) B (&) =" que(2)|Z[0,4] N (x + 2'[0,4]) .

T€Z?

This follows from the fact that

9290 Y % h(\/g ») > h(\f ¥))

z€Z2 yeZ[0,t] y' €Z'[0,¢]

:Z Z hg([)zh(\fx+y )>1{yezmm

z€Z? y'€Z'[0,t]

-y ¥ h(\/7 ) Z he (\/7 0 Lyrvezion)

z€Z? y'€Z'(0,1]

-y % he(\/gx)he(\/?(x ~4))|20.4 0 (20.1] )|

and
(9.25) 12'[0,4) N (Z[0,¢] — y)| = |Z[0. 4] N (Z'[0, 8] + y)|.
Write 7, = ¢/[b] and A; = [(j — )%, %), = 1, , [b]. Note that
S Z(A) N Z0. )] = Yo cpep [2(85) N Z(AL) N Z'[0, 1]
(9.26) \Z 0,4 nZ'0,¢]] < S0 | Z(A5) N Z'[0, 1]
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and similarly

[b:]
(9.27) Yo ae(@)|2(85) N (z + 20, 1])]

j=1 €72

— 3 N @)z nZ(Aa) N (z + Z'[0,1)]

1<j<k<[bs] z€Z?

<3 e@)| 20,40 (o + 2710,1])

< ;ﬁl ezzzqt,s(x)\Z(Aj) N (z+20.4)]
Hence,
‘\Zo t]n 2'0,4]] - 222%6 )| Z[0, 4] N ($+Z/[Oat])\‘
< %[‘Z )N Z'[0,4)| Zthe (x+Z’[0,t])\H
+ ) \Z(Aj)ﬁZ(Ak)riE;[O,tH
(9.28) +1<]§:<bt}z%a AN ZAk) N (w + 200, 1))

1<j<k<[bs] €72

We first take care of the last two terms. This is the easy step. Write

(9.29) n(t,e) = Z ‘Z(Aj) NZ(Ar) N Z’[()’tH
1< <k<[be]
+ D > a@)]2(A) N Z(A) N (z+ Z'[0,1])].

1<j<k<[bs] x€Z2

It follows from (7.2) that

log ¢ 3/2
(9.30) sukp E exp {c( Ogi/_) 1Z(A) N Z(Ag) N (z+ Z'[0,1]) ‘1/2} < 00.
t,j,k,x
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for some ¢ > 0. Hence, if b = 0((log t)1/5), then for any # > 0 we can find
to < oo such that

(9.31)

supE exp {Hﬁ(log t)n(t, )2 }
t>to t

< sup sup E exp {9\/[7 (log )b7 | Z(Aj) N Z(Ag) N (x—I—Z'[O,t])‘lﬂ}

t>to j,k,x
< OQ.
Hence
, 1 by 12
(9.32) lim sup . log E exp {«9 7(logt)n(t,5) } = 0.
t—00 t

To handle the first term on the right hand side of (9.28) set

[b¢]

(9.33) ¢ Z[ DNZ0.8]= 3 ae@)] 280 (z+20,1)|].

j=1 T€Z?
Using Fubini, independence and then the Cauchy-Schwarz inequality we have

(9.34)
}Egm(t, 5)} =

—2’”1@7/ 1 [1—G-(M)
((ral®) (g qt, k )
m  [bn]
{H 3 ”’“%HHZ $ | —Mk-%} dhr - d,

k=12} €2'0,t] k=1 j=1 z,€Z(A;

2

m 1/2
g(%)-?m{/ (H 1= Gie(Mr) )'EH o e dAl---dAm}
([=mm]2)™ S g k=1z,€Z[0,]
m 2 1/2
AL (o500 v

k=1

m  [bt]
Sy 5 o
k=1 j= 1:Ek€Z
1/2

g{E|Z[O,t]ﬁZ’[O,t]|m} {Egm(t,a)} ,
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where

935) ¢(te) = > [|2(a)n 28] 3 ae@)| 2N (o + 2/ (80) ]

]7k:1 ZEEZ2

and we have used the fact that 1 — @ (\) < 1 in the last step. Note that in

the notation of (9.2), ((t,e) = L with p(z) = ¢ .(x), so that by (9.4), for all
m>1

(9.36) EC™(t,€) > 0.

Let 6 > 0 be fixed for a while. By Cauchy-Schwarz and then (9.34)
037 Ecosh {0/ % 0 ete. )
> o (eos) mier e
ST
i‘l% (\/%logt))zm{lﬂlzm,ﬂ nzp.p) }/
%(\/%gw) {Ecm(t,g)}”?}m
= OO (et {siz000 200} "}
5 S ) )}

where in the last step we used (9.36) and the fact that |Z[0,¢] N Z’[0,t]| > 0.
By [8, (2.11)], there is a C' > 0 independent of ¢ and # such that

(9.38)
Jim - L1og Z ([ gt))m{IE|Z[0, f1n 2o, t]|m}1/2 _ C(50)”.
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In addition, by Lemma 9.1

039 T S (resn) {0}
[b¢]

< {z;::o o (/% 1og t>)m{E'ﬁ<t’5>'m}m} |

where

(9.40) B(t,e) = ‘Z[Oa%] N Z/[Oa%]‘ - Z Qt,e(iC)‘Z[Oa%] N (SL’ + Z/[Ov%m-

T€Z?

Recall that ¢;.(z) is defined by (9.22) and v, = t/[b]. As in the proof of
(9.23) we can check that

Z qt,a(z)‘Z[O,%] A ([L’ + Z/[Oa%])} = B’lea

see (8.2). By Lemma 8.1 (with ¢ replaced by ),

b (log t)?

(9.41) ;

B(t,e) —L (2m)2 det(T) [a([O, 1%) — a. ([0, 1]2)] .
By Lemma 7.1 (with p = 2),
(9.42) BI(t,2)" < 25up B | 20,920, < mic™ (- (0gt) 7).

Hence,

©049) i S 8 (ftomn) (Bl
=2 =0 (5*;6!))m ((27;) det(F)>m{E’a([0’ 1) — a.([0, 1]2)’”1}

So by (9.39) we have

1/2

(9.44) Timsup, . & log 5, " ([ tog 1)) " {BCn(t )}
< log 5, C20 ((2m)y/aei(T)) " (a0, 11) — (0, 1)}
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By [25, Theorem 1, p.183],

(9.45) E‘a([o, 112) — ac([0, 1]2)"” 0 ase— 0"
for all m > 1. In addition, by [7, (1.12)], there is a constant C' > 0 such that

(9.46) E‘a([o, 11?) — a.([0,1]%) "< Ea™([0,1]%) < mlC™

for all m > 1. By dominated convergence, therefore,

(9.47) i “;’?m ((2m)v/aet()) " {E|a((0.11%) - o-((0,17) m}” R

m=0

as ¢ — 0. (Alternatively, this follows immediately from [10, (6.29)]). Thus

i timsap Llog 37 OO (05 )" (o o1 -
(9.48) alir(%hmsupb—tlogmz::() - ( ?(logt)) {EC (t,e)} =0.

t—o0

Summarizing what we have,

1 b
(9.49)  limsuplimsup — log E cosh {9\/ ~(logt)|&(t, 5)\1/2} < O(50)°.
e—07t tooo by t
Letting 6 — 0T gives
. . 1 by 1/2
(9.50) lim sup lim sup — log E cosh {9 —(logt)|&(t, )] } = 0.
{-;—)0+ t—oo bt t
Since exp(z) < 2cosh(z) we see from (9.50) that

1
(9.51) lim sup lim sup b log E exp {Gﬁ(log )€, 6)‘1/2} = 0.

e—0t t—00 t
By (9.28) and (9.23) we have thus completed the proof of Lemma 7.8 when

j=0. Ifin (7.22) with j = 0 we replace ¢ by 277¢, 8 by 279/20, b, by by =: by,
and ¢ by 27/2¢, we obtain (7.22) for any j (compare the proof of (7.20)). ©

84



10 Laws of the iterated logarithm

We first prove some lemmas in preparation for the proof of Theorem 1.6.

D 5 _J (N;._(R._~.)M
SDJ_H(])’ J vl SOJ n )

and K = [loglogn] + 1.
Lemma 10.1 There exists a constant ¢, such that if A and B are positive
integers and C' = A + B, then

|pc —Pa—o |<C—(A/\B)l/2
Yo —PA—PBl > 16’1/2(10gC)2'

Proof. The cases when A or B equal 1 are easy, so we suppose A, B > 1.
Write

C  H(A) C  H(B)
By (4.23) and (4.24), the right hand side is bounded in absolute value by

. C [_élogC—logA_ElogC—logB]
logCL € logA C  logB ‘

L C AH(C)—H(A) BH(C)—H(B)
¢0_¢A_¢B:W[ ]

We now follow Lemma 4.2 of [5]. If 2 < A < C'/2, then log A > % and

<
0= C log A

If C1/2 < A < /2, then
AlogC' —log A < 2élog(C/A) < _Ca (A)l/2

C

élogC—logAS?)(A)l/? 1 (logC)2< 3 (A>1/2

logC CV4 ~logC\C

C

o< ——=——_"—_°-
- C log A - C logC 7 logC

If A> C/2, then

0 < élogC—logA < G
- C log A “logA

We similarly bound (B/C)((log C' — log B)/log B). m

log(1 — (B/O))] < - (2)"
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Lemma 10.2 There exists \g such that if X > g, then

P(ngxﬁm > Anlogloglogn/(logn)?) < (logn) 2.
Proof. We first prove that there exists M > 0 not depending on n such that

1<j<n

(10.1) P (max G; > M) <1/2.

Let 6; be the usual shift operators. Since R, — R,,, < R,,_y, 0 0,,, then by
Lemma 10.1

- - - 172
(10.2) Gn—Gman_moﬁm—l—cl(%/\n nm) .

By the Markov property, (5.1) and Theorem 5.4,
logn
log j

(10.3)  E[(G; 0 0,,)%] = ES"G? = EG? < c2(j/n)2( )4 < cs(j/n)*?.

In particular
(10.4) EG? < c3(5/n)*>.

For each k let k; be the largest element of {[mn/2’] : m < 27} that is less
than or equal to k. We have

ék = éko + (ékl — éko) + (ék2 — ékl) + -
where the sum is a finite sum. If maxy<, ék > M, then for some 7 >0

_ _ M .
(105) G[(m+1)n/2j} — G[mn/gj] > W for some m < 27.
Let I(m,j) = [(m + 1)n/27] — [mn/2’]. If m < 27/% then by (10.4)

. . M
P<G[(m+1)n/2j} = G2 > 501y 1)2)

3200(j + 1)*,_ ~ .
Sz (EG ms1yn/2) T EGln i)
< ea(j + 1) (m/2)*? /P

< 5/ (294 M?).
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If m > 27/8 then using (10.2)

if M is large enough. In this case, using (10.3),

P(Gmt1yns2i] — Glmny2i] >
M

IN

P(G1(mj) © Opmny2i) >
G+t 1
Cg -
M2 9235/2
C7/(25j/4M2).

IA

IN

We thus have

o 2

P(maxG; > M) < > P(Glimstynsz) — Gl >

7=0 m=1

VAN
o
oo
= n
<
(Y]
hD
G| =
~
o~

IA

if M is large enough.

We next prove there exists c¢g and ¢ such that

(106) E |:€Xp (Cg max éj):| < C10-

1<j<n
Note that by (10.2), we have
(10.7) Gp — G < G 0 0 + c11.
Now, choose ci5 large so that ¢15/2 > ¢1; and

(10.8) P(max G; > (¢12/2) — ep) < 1/2

1<j<n

87

80(j + 1)

< Grimg) © Oy +

Gitm /2] = Glmnjoi) < Crng) © Oy + c1(m +1)7"2

M
80(j + 1)

M

40(5 +1)2

7)

)

M

for all n > 1,

40(5 + 1)

)



which is possible by (10.1). Let Ty = min{j : éj > c19k}. Then
P(m<ax éj > 012(1{3 + 1)) = P(Tk+1 < n)
sn

< P(Ty < n, max (G, — Gr,) > ¢12/2)

Tp<j<n

— E[P( max (G; — Gg.) > c12/2|Fn,); T < 0]

Tp<j<n
< E[P(mgx éj > (c12/2) —cen); T, < nf
sn
1
< §P(Tk <n),

where the second inequality follows by (10.7) and the third inequality by
(10.8). By induction we obtain P(7}, < n) < 27", which yields (10.6).

Let

= max R, — Riin/ik) — COitin
[in/ K)<i<[(j+1)n/K] [ /K] = CPi-ljn/K]]

and
Cj
i = ) Gog(n] K))P

where ¢ = 27v/det". By (10.6) there exist c;3,c14 such that Eec12Pi < ¢y,
Moreover, the D; are independent. Let

exn = |Pn — K@yl /(n/(logn)?).
An elementary computation shows that
exn < ci15log K.

Since
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for A > 2¢15¢, we have

Rm - C&m Cig K
P(Elnlgf n/(logn)g > AlOgK) S P(f ;D] > AlOgK — CeK,n)
K
< P} D; > AK(log K)/(2c16))
7=1

—c15AK (log K)/(2016)E6015 > D;

—c17AK(log K)/2 K
Ci7

(&

€
6—017AK(10g K)/2

(VAN VANPAN

if K is large enough.
So

P(ngx G > Alogloglogn) < (logn)~>

if A is large enough. By (5.1) and (4.23), we see that

max R — (R — &m)| < c1s (logn)z = o(nlogloglogn/(logn)?),
and our result now follows immediately. 0

Proof of Theorem 1.6: Let ¢ = 2mvdetI'. We begin with the upper
bound. Let n,e > 0 be small and let ¢ > 1 be very close to 1. Let t; = [¢].
If

A; = {Ry, > (1+n)&t;logloglogt;/(logt;)*},

then it follows from Theorem 1.1 that ) ,IP(4;) < oo, and so by Borel-
Cantelli, P(4; i.0.) = 0.

Next, if A is sufficiently large,

(10.9) P(ngxﬁm > Anlogloglogn/(logn)?) < (logn)~?;
by Lemma 10.2. Let

B; = { max [Ry — R;,] > et;logloglogt;/ log® t,} .

ti<k<ti+1
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By subadditivity Ry — Ry, < Ry—4, o 0;,, where 60, is the usual shift operator
of Markov theory. By Lemma 10.1

t;
log” t;

So by the Markov property, and using the fact that the P* law of R;_;, does

not depend on z, for ¢ large

(10.11P(B;)
=P( max [R,— R;, — (ER, — ER,)] > et;logloglogt;/ log*t;)

t;<k<tii1

JR— J— ¢ . . 2 .
< P(tigzrggif+l[Rk Ry, —ERy ] + Clog2 ” > et; logloglogt;/log®t;)

< Sti 2 ) . . 24
<P (tignklgifﬂ[Rk_tl] > et; logloglogt;/log” t; Clog2 -

<P( max Ry > £t;logloglogt;/(logt;)?).

k<tiy1—t;

)

If ¢ is sufficiently small, then ) . [P(B;) will be summable by (10.9). So with
probability one, for ¢ large enough

max Ry < ((1+41)¢ +¢)qt;logloglogt;/(logt;)?.

k<t;+1

Since 1 and ¢ are arbitrary, and we can take ¢ as close to 1 as we like, this
implies the upper bound.

Let > 0, t; = [exp(i'*2)], V; = #S((t;, t;41]), and set

Ci={V:> (1 = n)&(tiy1 — t;) logloglog(tir1 — t;)/(log(tis1 — t:))*}

Note that the events C; are independent. By Theorem 1.1 and Borel-Cantelli,
P(C; i.0.) = 1. Note

(i~ 10 loglog log(ti ~1) _ lim loplog 108 ens (1, 1))

(log(ti+1 — t:))? B (logit1)?
Also
ti+1logloglogt; g
|V th+1| + | Vi th+1| <2t % (log ti+1)2
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Therefore with probability one, infinitely often

Ry, > (1 - g)ftiﬂ logloglog i1/ (logtiyy).

This proves the lower bound. O
We now turn to the LIL for —R,. First we prove

Lemma 10.3 Let € > 0. There exists qo(€) such that if 1 < q < qo(€), then

S — 1
2
P({q;{g}&g};gn(ﬁ’n — Ry) > enloglogn/(logn)”) < Tog 1)’
for n large.
Proof. Let 0 2
ogn
Gp = (R, — Ry)—2"L
n

Let

nt

A; = {[q—ln] +| :

Given k, let k; = max{j € A, : j < k}. We write

]:EEZ+}0[O,n], i <logyn+ 1.

Gk:Gk1+(Gk2 —Gk1)+(Gk3 _sz)+"' )

where the sum is actually a finite one. If G} > eloglogn for some [¢~'n] <
k < n, then either

(10.12) Glg-1n) > Sloglogn

or for some 7 there exist consecutive elements ¢, m of A; such that

— £
(10.13) Gm — Gy > To2 log log n.

By subadditivity R, — Ri < R,,_j o 0, for k < n, while by Lemma 10.1

n

ER, —ERy > ER,_j, —c;(1— ¢ 1)"? (logn)?”
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Then setting k = [¢~'n],
P(Gly-1n) > £ loglogn)

logn)? log n)?
_ P((Rn ! Oi”) _(ER, - ERy)U8"" : log logn)
logn)? log n)?
< PO (Rn_kM — ERn_k( og ) + (1= q_l)l/2 > S loglog n)
n n

Using the fact that the P* law of R,,_; does not depend on x, this is the same
as

p ( Rk . n (log(n—k)
(n—k)/(log(n—k&))> " n—k (logn)?

(% loglogn—c;(1 —q_1)1/2)>'

If ¢ > 1 is close enough to 1 and n is large enough, by Theorem 1.5 this is
bounded by
€

1
(10.14) Co €XP ( — 5T =

log1 )< L
080T ~ 2(logn)?

This bounds the probability of the event described in (10.12).
Similarly, R,, — Ry < R,,_¢ 0 0, and by Lemma 10.1

_N1/2
ERm—ERZZERm_g—q(m ) (”

n logn)?

So if ¢ and m are consecutive elements of A;, similarly to (10.14) we obtain
(10.15)

S £ Ry £
P(Gp — Gr > ——loglogn) < B( > £
£=Top 088 = n/(logn)? — 1042

log logn — 012_i/2>.

For n large, ¢;27"/% < 555 loglogn for all i and n/(m—¢) = 2°, so by Theorem
1.5 the left hand side of (10.15) is less than

Ry e n loglogn _.
P > loglogn) < _ 2).
((m_g)/(log(m—e))z = 402m 0% 0g”> =@ eXp( ST 4072 )

There are at most 2*! such pairs £, m, so

— — 5
w; := P(for some consecutive elements ¢,m € A; : G,,, — Gy > To2 loglogn)
i

log1 .
og ogn22)‘

< 2i+1 ( _
S Co exp C3 4012

92



Since ¢32°/40i% > 2(i + 1) log 2 for i large, then for n large enough

2! log logn)

w; < cy exp ( — C3 102

So then

sz - logn

for large n, and this bounds the event that for some 7 there exist consecutive
elements ¢, m of A; such that (10.13) holds. Combining with the bound for
(10.12), the result follows. m

Proof of Theorem 1.7: Let

O = (27)2 det(T) V2 (2, 2)~*

Upper bound. Let n,e > 0 and choose ¢ € (1,qo(¢)) where gy(¢) is as in
Lemma 10.3. Let t; = [¢']. If

— t;loglogt;
A= {_Rti ) m@—lﬂ},

(logt;)?

then by Theorem 1.5, >, P(A;) < oo, and hence by Borel-Cantelli, P(4; i.0.)
= 0. Let

il

Bi :{ max (Rt

ti<k<tii1

tiv1 loglogt;
Ry > ¢ +1108 0g2+1}.
(logtit1)
By Lemma 10.3, ), P(B;) < oo, and again P(B; i.0.) = 0. So with probabil-
ity one, for k large we have t; < k < t;,; for some i large, and then

_Ek = _Etzud + (EtiJA - Ek)
tiy1loglogtiyy - tiy1loglogtyy
(logtiy1)? (logtiy1)?

_ kloglogk

<O H1+n)

Since €, can be made as small as we like and we can take ¢ as close to 1 as
we like, this gives the upper bound.
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Lower bound. Let > 0, t; = [exp(i'2)], V; = #S((t;, tis1]). Let
(tiy1 — ti) loglog(tit1 —t;) }
(log(tit1 — :))?

By Theorem 1.5, > .IP(C;) = co. The C; are independent, and so by Borel-
Cantelli, P(C; i.0.) = 1.

Since Ry, < Vi + R;, and ER;, . > EV;, then

C; = {_Vi > @_1(1 -1n)

"R, > V.- R,

Now

R, <t — O<ti+1 10g10gti+1>
e (logtit1)?

and
(tiz1 — ti) loglog(tit1 —t;) Lt loglog t11

(log(tit1 —t:))? (logt;1)?

SO

_ tiv1 loglogt; _
—Ry,,, > 0 (1 —2n) +1708 108 +1, i.0.

(logtit1)?
This implies the lower bound. 0
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