Moderate deviations and laws of the iterated
logarithm for the renormalized self-intersection
local times of planar random walks

Richard F. Bass * Xia Chen I Jay Rosen?
March 27, 2006

Abstract

We study moderate deviations for the renormalized self-intersection
local time of planar random walks. We also prove laws of the iterated
logarithm for such local times.

1 Introduction

Let {S,} be a symmetric random walk on Z? with covariance matrix I'. Let

1<j<k<n
where ¢
1 dr=y
(1.2) O(,y) = { 0 otherwise

is the usual Kronecker delta. We refer to B,, as the self-intersection local
time up to time n. We call B,, —E B,, the renormalized self-intersection local
time of the random walk up to time n.
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In [5] it was shown that B, — E B,,, appropriately scaled, converges
to the renormalized self-intersection local time of planar Brownian motion.
Renormalized self-intersection local time for Brownian motion was originally
studied by Varadhan [18] for its role in quantum field theory. Renormalized
self-intersection local time turns out to be the right tool for the solution of
certain “classical” problems such as the asymptotic expansion of the area of
the Wiener sausage in the plane and the range of random walks, [4], [14],
[13].

One of the applications of self-intersection local time is to polymer
growth. If S, is a planar random walk and P is its law, one can construct
self-repelling and self-attracting random walks by defining

dQ,,/dP = c,e /™,

where ( is a parameter and ¢, is chosen to make Q,, a probability measure.
When ¢ < 0, more weight is given to those paths with a small number of self-
intersections, hence Q,, is a model for a self-repelling random walk. When
¢ > 0, more weight is given to paths with a large number of self-intersections,
leading to a self-attracting random walk. Since E B,, is deterministic, by
modifying c,, we can write

dQ,,/dP = c,ePr=E B/,

It is known that for small positive ( the self-attracting random walk grows
with n while for large ( it “collapses,” and its diameter remains bounded
in mean square. It has been an open problem to determine the critical
value of ¢ at which the phase transition takes place. The work [2] suggested
that the critical value (. could be expressed in terms of the best constant
of a certain Gagliardo-Nirenberg inequality, but that work was for planar
Brownian motion, not for random walks. In the current paper we obtain
moderate deviations estimates for B,,—E B,, and these are in terms of the best
constant of the Gagliardo-Nirenberg inequality; see Theorem 1.1. However
the critical constant (. is different (see Remark 1.4) and it is still an open
problem to determine it. See [6] and [7] for details and further information
on these models.

In the present paper we study moderate deviations of B,, —E B,,. Before
stating our main theorem we recall one of the Gagliardo-Nirenberg inequali-
ties:

£l < CUV SIS,
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which is valid for f € C' with compact support, and can then be extended
to more general f’s. We define x(2,2) to be the infimum of those values of
C' for which the above inequality holds. In particular, 0 < k(2,2) < co. For
further details, see [8].

In this paper we will always assume that the smallest group which
supports {S,} is Z2. For simplicity we assume further that our random walk
is strongly aperiodic.

Theorem 1.1 Let {b,} be a positive sequence satisfying

(1.3) lim b, = oo and b, = o(n).

n—oo

For any A > 0,

(14)  lim bilogP{Bn _EB, > )\nbn} — —\detT k(2,2)7%

n—oo n

We call Theorem 1.1 a moderate deviations theorem rather than a large
deviations result for two reasons: The first reason is the second restriction
in (1.3). Our techniques do not apply when this restriction is not present,
and in fact it is not hard to show that the value on the right hand side of
(1.4) should be different when b,, &~ n; see Remark 1.4. The second reason
is that Theorem 1.1 is closely related to the following weak law (see Le Gall
[13] and Rosen [16])

1
~(B, ~EB,) L, (det T) Y2,

where , is the renormalized self-intersection local time of a planar Brownian
motion W;; this can be formally written as

vy = // (W, — Wy)drds — E // do(W, — Wy)dr ds.
0<r<s<t 0<r<s<t
Recently, it has been proved by the authors ([2] and [3]) that
1
tlim i logP{y; >t} = —k(2,2)"*

tlim t*" logP{—v, > logt} = —L



where 0 < L < 0o. Theorem 1.1 could perhaps be regarded as an invariance
principle linking the moderate deviations of B, —IE B,, to the large deviations
for ;.

Moderate deviations linked to the large deviations for —v; are more
subtle. In the next theorem we obtain the correct rate, but not the precise
constant.

Theorem 1.2 Suppose E|S;|**° < oo for some § > 0. There exist Cy, Cy >
0 such that if b, — oo with b, = o(n'/?) for some 6 > 0, then

~¢, < liminfd? log]P’{E " — B, > 0(27) " det (I)"Y2n log bn}
< limsupb,’ logIP’{IE B, — B, > 0(2n) "t det(I')"?nlog bn}
(15) < —C.

Here are the corresponding laws of the iterated logarithm for B, —E B,,.

Theorem 1.3

B,—EB, _
(16) hfln_)solip m = det(r) 1/2/{,(2, 2)4 a.s.

and if E|S; [>T < oo for some § > 0,

B,—-EB
(1.7) lim inf —— =

" — _(2n) tdet(I) V2 as.
n—oo nlogloglogn (2m)~" det(I') @

In this paper we deal exclusively with the case where the dimension
d is 2. We note that in dimension 1 no renormalization is needed, which
makes the results much simpler. See [15, 9]. When d > 3, the renormalized
intersection local time is in the domain of attraction of a centered normal
random variable. Consequently the tails of the weak limit are expected to
be of Gaussian type, and in particular, the tails are symmetric; see [13].

Theorems 1.1-1.3 are the analogues of the theorems proved in [2] for
the renormalized self-intersection local time of planar Brownian motion. Al-
though the proofs for the random walk case have some elements in common
with those for Brownian motion, the random walk case is considerably more
difficult. The major difficulty is the fact that we do not have Gaussian ran-
dom variables. Consequently, the argument for the lower bound of Theorem
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1.1 needs to be very different from the one given in [2, Lemma 3.4]. This
requires several new tools, such as Theorem 4.1, which we expect will have
applications beyond the specific needs of this paper.

Remark 1.4 We remark that without the restriction that b, = o(n), The-
orem 1.1 is not true. To see this, let NV be an arbitrarily large integer, let
e = 2/N? and let X; be be an i.i.d. sequence of random vectors in Z? that
take the values (IV,0), (—N,0), (0, N), and (0, —N) with probability £/4 and
P(X; =(0,0)) =1 —¢. The covariance matrix of the X; will be the identity.
Let b, = (1 — ¢)n. Then the event that S; = Sy for all ¢ < n will have
probability at least (1 —¢)", and on this event B,, = n(n — 1)/2. This shows
that
logP(B, —E B,, > nb,/2) > nlog(l —¢),

which would contradict (1.4).
The same example shows that the critical constant in the polymer
model is different than the one in [2]. Then

7Bn _nEBn} > exp{ — CEfn}(l —&)"exp {C’n; 1}.

E exp {C’

This shows that the critical constant is no more than 2 log é

2 Integrability

Let {S!} be an independent copy of the random walk {S,}. Let

(2.1) L =Y_Y (5,5
j=1 k=1
and set I,, = I, ,. Thus
(2.2) I, =#{(,k) € [1,n]*; S; =S}

Lemma 2.1

(2.3) E Ly, < c((m+n)log(m+n) —mlogm —nlogn).
In particular

(2.4) E (I,) < cn.

We also have

(2.5) E I, < c/mn.



Proof Using symmetry and independence

(2.6) Eln, = iiﬂza(sj,s,;)

j 1 k=1
= ZZEé — 5;,0)
7j=1 k=1
= ZZE5(Sj+k, Z Pj+k(0
j=1 k=1 J=1 k=

where p,(a) = P(S, = a). By [17, p. 75],

2.7) (0) L1, (1)
. m = —— O -

b 2rvdetI' m m
so that

2.8 In < drd
28) ; /ro/sor+srs

and (2.3) follows. (2.4) is then immediate. (2.5) follows from (2.8) and the
bound (r + s)~' < (y/rs)™. O
It follows from the proof of [8, Lemma 5.2] that for any integer k& > 1

n

(2.9) E (IF) < (k)28 (1 + E (1,))".

Furthermore, by [13, (5.k)] we have that 1,,/n converges in distribution to a
random variable with finite moments. Hence for any integer k£ > 1
E (I})

(2.10) lim

n—oo ’n,k

= < 0Q.
Lemma 2.2 There is a constant ¢ > 0 such that

(2.11) sup E exp {Eln} < 00.
n n

Proof. We need only to show that there is a C' > 0 such that

EI" <C"mln™ m,n>1.



We first consider the case m < n and write [(m,n) = [n/m ] +1. Usmg
[8, Theorem 5.1] with p = 2 and a = m, and then (2 .4) (2.9) and (2.10), w
obtain

my1/2 m! EENVS b \1/2
EL)" < Z m(E[z&nn)) - (EL )
ey
C™m) k1/2 Forn /2
(2.12) < Y mkl! e (B L) )2+ (B D)o/
b0

(o ()" = (42

where C' > 0 can be chosen independently of m and n. Hence

om\ 2 m om\ 2

(2.13) EI™ < ( m) Cm(m!)2(ﬁ) < < m) C™min™,
m m m

Notice that

(2.14) <2m) < 4m,

m
For the case m > n, notice that I,, < n%. Trivially,
E" < n?m < mmn™ < C™mIn™,
where the last step follows from Stirling’s formula. 0
For any random variable X we define
X=X-EX.

We write
(2.15) (m, )2 ={(j,k) € (m,n]*; j <k}
For any A C {(j,k) € (Z+)2; J < k}, write

(2.16) = > (555

(j,k)EA
In our proofs we will use several decompositions of B,. If Ji,...,J, are
consecutive disjoint blocks of integers whose union is {1,...,n}, we have
B, =Y B((J; x J) N (0,n]2) + Y B(J; x J;)
7 1<j



and also

B, =Y B((J; x J;) N (0,n]% +ZB Uizl gp) < 3.

Lemma 2.3 There is a constant ¢ > 0 such that

(2.17) supE exp{%|§n\} < 00

Proof. We first prove that there is ¢ > 0 such that

(2.18) M =supE exp{2£n|§2n|} < 0.
We have
n 291
= S B((@h - 22, (2= 10277 x (2K - )21, (202 ))
7=1 k=1
Write

(2.20) ajp = B(((Zk: —2)2" (2k — 1)2"7] x ((2k — 1)2", (2k)2"‘j])
~E B(((2k —2)2"77, (2k = 1)2"7] x ((2k = 1)2"7, (2%)2"7)

For each 1 < j < n, the random variables a;z, k = 1,---,277 are i.id.
with common distribution Ign-j — E I3n—;. By the previous lemma there

exists 0 > 0 such that

1
(2.21) supsup E exp {5W|aj,1|} < 00.

n j<n
By [3, Lemma 1], there exists § > 0 such that

271

ch}
211

= supsupkE exp {92‘j/22n = } Zajk

n j<n

(2.22) C(#) = supsupE exp{92]/2

n j<n

j o



Write N
(2.23) v =[](1-277) and Ao =]](1-2772).
Jj=1 j=1
Using Holder’s inequality with 1/p =1 — 272 1/q = 272 we have

n 2/-1
(2.24) E exp {)xn;in‘ Z Z ozj,k‘}
j=1 k=1
—192/—1 —n/

< (E exp {)\n_1;

n—12/-1
< E exp {)\n_12—n Z Qi }0(9)2%/2
j=1 k=1
Repeating this procedure,
1< 2
(2.25) E exp {)\n% Z Z QK }
j=1 k=1

S 0(9)271/2_,’__’_277#2 S 0(9)271/2(1_271/2)71.

<o

We now prove our lemma for general n. Given an integer n > 2, we
have the following unique representation:

So we have p
(2.26) supE exp {)\w%\ Bon

(2.27) n=2mM 1L 9M2 ... 4 9"

where m; > mg > ---m; > 0 are integers. Write

(2.28) no =0 and n; =2™ 4 ... 4 2™, 1=1,---,L
Then
l -1
Y asns) = S S 68,80+ Y. Bl(nir, ] x (n,n])
1<j<k<n i=1 ny_1<j<k<n; i=1
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l -1
(2.29) = ) BRI+ A
=1 =1

By Holder’s inequality, with M as in (2.18)

)

< H (E exp {—\Bzml —EBY,

I
(2.30) Eexp {%’ Z(Béﬁ?% —EBY,)

2™

}) ggw /m— M.

Using Holder’s inequality,

-1 24

esy Eep{tal<[[(Eeo{na))

=1

Notice that for each 1 <17 <[ —1,

2% n—ny omi 9my
(2:32) LSS58 < 3D 6(8,, 50,
j=1 k=1 j=1 k=1

where the inequality follows from

(2.33) n—mn; = 2" 4 2T 2T

Using (2.32) and Lemma 2.1, we can take ¢ > 0 so that

(2.34) E exp {%AZ} <supE exp {Eln} =N < .
m; n n

Consequently,

-1 -1
(2.35) E exp {3 ZA,-} <[ N>/ < N.
n
i=1 i=1

In particular, this shows that
-

[y

(]!

(2.36) E {% Ab <.

1

.
I

Combining (2.35) and (2.36) with (2.30) we have
(2.37) sng exp %\Bn\} < 00.



Lemma 2.4

(2.38) EB, = nlogn + o(nlogn),

1
2mvdet I’

and if E|S1)>*? < oo for some § > 0 then

1
2.39 E B, = ————nlogn + O(n).
(2.39) orydetr o ()
Proof.

(2.40) EB,=E Y 6(S.8)= Y. p0)

1<j<k<n 1<j<k<n

where p,,(z) = E (S,, = z). If E|S;|*** < oo, then by [12, Proposition 6.7],

(2.41) (0) ! ! + ( = )
: m(0) = ——— 4+ o —— ).
P 2m/det T ™m m!+o
Since the last term is summable, it will contribute O(n) to (2.40). Also,

1 1 “n—m "1
) 3 X Y e L

1<j<k<n =11 m=1

and our lemma follows from the well known fact that
(2.43) zn:i—lo n+v+0 L
. Zm = log v n

where v is Euler’s constant.
If we only assume finite second moments, instead of (2.41) we use (2.7)
and proceed as above. 0

Lemma 2.5 For any 6 > 0

(2.44) sup E exp { i (E B,, — Bn)} < 00

n
and for any X\ > 0

1
(2.45) lim — logIP’{E B,— B, > Anbn} = .

n—oo bn

11



Proof. By Lemma 2.3 this is true for some 6, > 0. For any 6 > 6,, take an
integer m > 1 such that fm~! < 6,. We can write any n as n = rm + ¢ with
1 <i < m. Then

(2.46) EB, — B,

gzmj[ﬂz Yo ses) - > 5(Sk,51)]+EBn—mEB,,.

G-Dr<k,l<jr (F=Dr<kl<jr
We claim that
(2.47) E B, —mE B, = O(n).

To see this, write

(2.48) EB,-mEB,=EB, — zm:EB(((l —D)r, Ir]2)
=1

Notice that

(2.49) zm:B )7, Ir)2)

=1
m

=Y B(((l = 1)r,lr] x (Ir,mr]) + B((mr,n]%)
+B((0, mr] x (mr,n])

Since
(2.50) B(((I = V)r,lr] x (Ir,mr])

by (2.3) we have

d
= Ir,(m—l)r

(2.51) EB(((l = 1)r,Ir] x (Ir,mr])
< ¢{(m— (1= 1))r) log(m — (I = 1))r)
~((m = )r)log((m — )r) — rlogr}

Therefore

(2.52) Zm: (L =Dy, lr] x (Ir,mr])

12



Z{ (1 = 1))r) log(m — (L= 1))r)
~((m = )r)log((m — )r) — rlogr}
= C’{mr logmr — mr logr} = C'mrlogm.
Using (2.5) for E B((0, mr]| x (mr,n]) = EI,,,; and (2.38) for E B((mr,n])%)
then completes the proof of (2.47).

Note that the summands in (2.46) are independent. Therefore, for
some constant C' > 0 depending only on 6 and m,

es) oo (1@, -5} < O(en {fED - 5)})"

which proves (2.44), since 8/n < 8/mr < 6,/r and r — oo as n — 0.
Then, by Chebychev’s inequality, for any fixed h > 0

(254)  P{EB, - B, > b, } < e E exp {%(E B, - B,)}

so that by (2.44)

1
(2.55) hmsupb—logIP’{EB — B, > Anb, } < —h.
Since h > 0 is arbitrary, this proves (2.45). m

3 Proof of Theorem 1.1

By the Gértner-Ellis theorem ( [11, Theorem 2.3.6]), we need only prove

(3.1) lim —logE exp ,/ |5, ~EB, \1/2} ~1(2,2)40? det(T)~1/2,

n—oo ’I’L

Indeed, by the Géartner-Ellis theorem the above implies that

(32) lim —1og]P>{|B _EB,| > )\nbn} = —A/det(D)x(2,2)™

n—0o0

Using (2.45) we will then have Theorem 1.1. It thus remains to prove (3.1).
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Let f be a symmetric probability density function in the Schwartz space
S(R?) of C* rapidly decreasing functions. Let € > 0 be a small number and
write

(3.3) fz)=€e?f(e7'x), xR

and

(34)  I(n,z) =) (S ), In,z€) Zf(b L2 (Sk — ).
k=1

By [8, Theorem 3.1],

(3.5) JLIEO_nIOgE exp \/,\/7 Z 12 n,z,€) )1/2}
- sup / 9% * fe(z)] d;g) V2 _%/ <Vg,FVg>dx}

geF2

where
(3.6) Fo={geW2R*| llgll.=1}.

As in the proof of [10, Theorem 1], (3.1) will follow from (3.5) and the
next Theorem.

Theorem 3.1 For any 0 > 0,
s - 2 U2 _
ll_r)%nh_)rglo log E exp ,/ |5, ~EB, %21 n, @, ) } 0.

Proof. Let [ > 1 be a large but fixed integer. Divide [1,n] into [ disjoint
subintervals Dy, - -, Dy, each of length [n/l] or [n/l] + 1. Write

(3.7) Di={(jk)eD? j<k} i=1,---,l

With the notation of (2.16) we have

l
(3.8) B,=)Y B(D;)+ Y  B(D;x Dy).

1<j<k<l

14



Define a;, b; so that D; = (a;,b;] (1 < j <1). Notice that
B(DJ X Dk) = Z 6(Sn17 SnQ)

n1€D;,n2€Dy,

= D O((Sh = Shy) + Sy Say + (Sna = Sar))

n1€D;,n2€Dy,

(3.9) = D 0((Sm = 84,): Z+ (Sny — Sa)

meDj,nzeDk

with 7 < Sa, — Sb;, s0 that Z, S, — Sy, Sp, — Sq,, are independent. Then as
in (2.6)

(3810)  EB(D;xD) = E Y. pywimal)

ni1€D;j,n2€Dy
S E pbj—n1+n2—ak (O)

n1€D;,na€Dy,
since sup,, p;(z) = p;(0) for a symmetric random walk. Then as in the proof
of (2.4) we have that
(3.11) E B(D; x Dy) < en/l.
Hence,

(3.12) B, — E B,
[B(D;) =EBD))]+ > B(D;xDy)—E > B(D;x Dy)

1 1<j<k<l 1<j<k<l

i

M-

[B(D;) =EB(D))]+ ) B(D;x Dy)+0(n)

i=1 1< <k<l

where the last line follows from (3.11).

Write

(3.13) &Gin, €)= fopmtme(Se— ).
keD;
Then
1

Y Pae=Y Y &mre+2 > D &n oz, e)(n, 6.

x€Z2 i=1 x€Z?2 1<j<k<l z€72
(3.14)

15



Therefore, by (3.12)

(3.15) ‘(Bn —-EB,) — % Z lz(n,x,e)‘
< S IBW) —EBD)I+ 33 Y o)
+ Y ‘B(Dj x D) = Y &(n,a,)éx(n, x, )| + O(n).

1<j<k<l z€Z2

The proof of Theorem 3.1 is completed in the next two lemmas.

Lemma 3.2 For any 6 > 0,

!
(3.16) lim sup bi logE exp {9\/%(2 Z £ (n, z, 6))1/2}

n—oo n

and

(3.17) limsup bi log E exp {9 b—"(Z |B(D*)—EB(D:)|)1/2} <I'H®,

n—oo n n

where

(3.18) H = (sup {)\ > 0; supE exp {A%|Bn . IEBn|} < oo}>_l.

Proof. Replacing 6 by 6/v/1, n by n/l, and b, by b% = by, (notice that

Z/l = bn)
(3.19) liinﬁs;ip i log E exp {«9\/%( xezm &(n, x, e)) 1/2}
) 1 0 b’;/l 1/2
— hirisolip b;/z logE exp {% n—/l<xezzz &(n,z, e)) }

16



Applying Jensen’s inequality on the right hand side of (3.5),

[sror = [ [[ fa-nrwa] @
< [ [d-vrwsde= [ 1w)] [ oy dy
- [[s@as] [rwar= [ s

Combining the last two displays with (3.5) we have that

(3.20) hinj;ip b_ logE exp {9\/%( Z (n, 6))1/2}
< sup {%(/R \g(a;)\4dx)1/z B %/Rz(Vg(x),FVg(x))dx}

geF2

/2 1
_7-1p2 —1/2 4 L 2
17162 det(I) "2 sup {( [ 1h(a) d:zc) 5 [, 17hG) dx}

heFs

_ %z—l det(T)~1/25(2, 2)462,

where the third line follows from the substitution g(x) = /| det(A)|f(Ax)

with a 2 x 2 matrix A satisfying

(3.21) ATA=1716%*det(I') V21,

and the last line of [8, Lemma A.2 |; here I is the 2 x 2 identity matrix.
Given § > 0, there exist @1 = (a11,- -, a14),"**, Gm = (Am1, ", Amy1)

in R’ such that |@;| = -+ = |a@,| =1 and

(3.22) 2| < (1 +0)max{a, -z, ,ap - 2}, 2z€R.

In particular, with

(3.23) 2= (( Z &(n,z, 6))1/2’ ceey ( Z & (n, 6>)1/2>

z€Z2 x€Z2

we have

(3.24) (225 n:ce) 2 1—|—511213a<>§n2aﬂ<25 n:ce)l/z.

i=1 xcZ>2 z€Z2

17



(3.25) E exp {9\/%( i Z &(n,z, e))1/2}

1=1 xcZ?2

giE exp{ﬁ\/%(1+5 iaﬂ(2§ (n,z €>1/2}

x€Z?

= i HE exp {9\/%(1 + 5)aj7i< Z gf(n,x7 6))1/2}7

]:1 =1 Z‘EZZ

<.
Il
-

where the last line follows from independence of ||&;(n, x, €)||12z2), i = 1, . ..

Therefore

(3.26) hmsup—logE exp \/7 Z Z &(n,z,e) )1/2}

n—oo k=1 z€72

!
L.y 4 202 2
< max il k(2,2)*(1+6)°0 <;%’,i>

=~ det(I)"Y2k(2,2)(1 + 6)%6°.

Letting 6 — 0T proves (3.16).
By the inequality ab < a? + b*> we have that

br,
(3.27) E exp {91/—|Bn—EBn|1/2}
n
< exp {c?0?b, }E exp {0_21\Bn — EBn\}
= n )

and taking ¢=2 1 H~! we see that for any 6 > 0,

1 b
(3.28) lim sup .= log E exp {9, |18, - EBan} < HO®.

Notice that for any 1 <i </,

(3.29) B(D}) —EB(D}) £ By, — E Byn,).

18



We have

E exp {9\/%3(1);)—1@ B(D;)|1/2} —E exp{%\/::;l|B(D;—E B(D;*)|1/2}.

Replacing @ by 6/v/1, n by n/l, and b, by b* = by, (notice that b = bn)

gives

(3.30) hmsup—logE exp \/ |B D;.k)|1/2} <I'Ho.
Thus (3.17) follows by the same argument we used to prove (3.16). O

Lemma 3.3 Forany 0 >0 and any 1 < j <k </,

hmsuphmsup—logE exp \/ |B (D;xDy,) ij (n,x,€)ék(n, x, €)|1/2} 0

e—0t n—oo

xEZ2
(3.31)
Proof. We now fix 1 < 5 < k <[ and estimate
(3.32) B(D; x D) = > &(n,x,€)6(n, z,€).

xEZ>?

Without loss of generality we may assume that v =: [n/l] = #(D;) = #(Dx).
For y € Z? set

(3.33) L(y) = Z 5(Sny, SL, + ).

ni,na=1

Note that I,, = 1,,(0). By (3.9) we have that

4

(3.34) B(D; x Dy) £ 1,(2)

with Z independent of S, .S’.
Similarly, we have

Z gj(rnﬂ z, E)ék(rnﬂ z, 6)

r€Z2
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= Z Z fs(bﬁln)ln(snl - 'T)fe(bflln)l/Q(STm o .T)

SCEZz ni GDj,’rLQEDk

= Z Z fs(bﬁln)ln(x)fe(b;ln)l/z (Sn2 o S”l - .T)

z€Z2n1€D;,n2€Dy,

= Z -fs(b,fln)l/2 ® fs(bﬁln)l/z(sfm - Snl)

ni eDj,TLzeDk

(335) = Y fiprtee ® Fupmiye ((Sny = Sa) = (Say — Shy) + 2)

n1€Dj,n2€Dy,

where

(3.36) Fof)=>Y f)fly—x

T€EZ2

denotes convolution in L'(Z?). Tt is clear that if f € S(R?) sois f ® f. For
y € Z?, define the link

(3.37) Loc)= > fe® fu(Sh, — Suy +1).

ni,na=1

By (3.35) we have that

(3.38) Z Ei(n,x,€)ék(n, x, €) 2 L, 4:tnyr2(2)

x€Z>

with Z independent of S, S’.

Lemma 3.4 Let f € S(R?) with Fourier transform ]?supported on (—m, )2
Then for anyr > 1

(3.39) / (S ® £)(y) dy = (FrN)?, YA € R

Proof. We have

(3.40) / (e Ny = 3 (@) / iy — 2)dy

x€Z?

= f Y flae™

TEL>

= TS (e [ Twan) e




For x € 7Z?

(3.41) /eipx Fp) dp = Z /_ P fp + 2mu) dp

and using Fourier inversion

3 ( [ e i) dp) e

TEL?

(3.42) = Z Z (/ ¢ fp + 2mu) dp) e~
u€Z2 xeZ? [~
= (27)? Z FO 4+ 27u).
u€Z2
Thus from (3.40) we find that
(3.43) /e‘”yf ® fly)dy = f()\) Z ]?()\ + 27u).
u€Z?
Since ﬁ()\) = A(T)\) we see that for any r > 0
(3.44) NM(fr @ f)(y) dy = FrA) Y JrA+ 2mru).
u€Z?

~

Then if r > 1, using the fact that f()) is supported in (—m, )2, we obtain

(3.39). O
Taking f € S(R?) with f(\) supported in (—m,7)%, Lemma 3.3 will
follow from Theorem 4.1 of the next section. O

4 Intersections of Random Walks

Let Si(n), S2(n) be independent copies of the symmetric random walk S(n)
in 7?2 with a finite second moment.

Let f be a positive symmetric function in the Schwartz space S(IR?)
with [ fdz = 1 and f supported in (=, )% Given e > 0, and with the
notation of the last section, let us define the link

(4.1) I (y)= Z f(g,;ln)l/zE ® f(bgln)1/26(52(”2) — Si(m) +y))

ni,na=1
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with I, . = I1,, (0).

Theorem 4.1 For any A > 0

(4.2) lim sup lim sup sup

e—0 n—oo Y

1 I
= log E (exp {)\

Proof of Theorem 4.1. We have

1
(4.3) b_—lfn(y)
=3 1n Z 6(S1(n1), S2(n2) +y)
n ni,na=1
1 - :
_ ip-(S2(n2)+y—51(n1)) g4
b n(2m)? mnzzzl [/[—mr}? ‘ b

where from now on we work modulo +x. Then by scaling we have

(4.4) In(y)

—1
b,in

n

1 , —1_\1/2
_ ip-(Sa(n2)+y—S1(n1))/ (b ' )72 g ]
(by'n)*(2m)? 2 [/(bnlml/?[—mze g

ni,na2=1

As in (4.3)-(4.4), using Lemma 3.4, the fact that (b, In)l/2 > 1 for
€ > 0 fixed and large enough n, and abbreviating h= ( f )2

15 L)
Pt 3 [ [ e e oty ) )
ni,na=1
1 n n Sin)t/2 7
- FEE Z [/Rze p(Satn2) =1 (0))/ 07 02 ) dp]

ni,na2=1
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Using our assumption that h supported in [—7, 7]2, and that e* < (b7 'n)"/?2
for € > 0 fixed and large enough n, we have that

(16) )

n

1 n
 (by'n)(2m)? 2

ni,na2=1

[/ A2 P (S22 +y=S1 () /0 1) 2 ) dp}

1 n
(b tn)2(2m)? 2

ni,na2=1

[ / i (Sa(n2)+y=S1 () /b )2 Ty ) dp] '
(b 'n)1/2[—m,7)2

To prove (4.2) it suffices to show that for each A > 0 we have
Ln(y) = In(y)

1/2
(4.7) supE | expq A
y by 'n

< Cby(1 = CAS™ )L 4 ONM/ApY/2) NP0,

for some C' < oo and all € > 0 sufficiently small.
We begin by expanding

_ Z Y (' (1) = L)

fﬁ . ( ({b;%nwy) - fn,e<y>>}2m>>l/4.

By (4.4), (4.6) and the symmetry of S; we have




1
- /

"1,]""2,]:1
7j=1,....m
E ( ZZJ 1P (S2(n2,5)+y+S1(n1;))/ 1/2) H Epj dpj.
7j=1
Then
1 m
(4.10) e ({ -} )|

1
= G 2 2 .

by, TL) 1/2 [—7‘(,7@27”

3

111 = 7(ep))l dp;.

‘E (eiZ}LPj-52(n2,j)/(b771n)1/2)
j=1

By the Cauchy-Schwarz inequality

(4.11) /
(b;ln)l/z[—w,ﬂ]zm

E (ei 2 Pj'sl(nl,j)/(bﬁln)1/2> ‘

E (e ) 1/2) H|1— (p;)| dp;
2
<
>~ ];11: {[bnln)l/Q[_W7ﬂ]2m
m 1/2
(4.12) ‘E (eiz}ilm S(ni,j)/(bn 'n) 1/2) ‘1_ (ep; \dpj} .
Thus
1 m 1/2
4.13 E I, I,
am e (e -1} )
> g L
> = (b 172,) (27T)m (b tn)1/2[—m,m]2m
7j=1,...m
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1/2
‘E (eizz-';lpfs( i)/ (bn "1/2) ep] |dp]} )

For any permutation ¢ of {1....,m} let

(4.14) Dm(lp) = {(nl, .. ,nm)| 1< Ny) < < Ngm) < n}

Using the (non-disjoint) decomposition

we have from (4.13) that

a [o ({2 My»}’“)

Z Z(: {/(bnln)l/z[—ﬂ,ﬂ27”

¥

1/2

1/2
‘E (eizz-';lpfs( i)/ (bn "1/2) ep] |dp]} )

where the first sum is over all permutations ¢ of {1....,m}.
Set '
(4.16) plu) =E (e™5W),

It follows from our assumptions that ¢(u) € C?, i (0) =0and au o " (0) =
—E (S((1)S(;)(1)) where S(1) = (Sa)(1), S (1 )) so that for some 5 >0

(
(4.17) $(u) =1—E((u-5(1)?) /2+o(|ul*), |ul <0

Then for some ¢; > 0

(4.18) plu) < e P ju| <.

Strong aperiodicity implies that |¢(u)| < 1 for u # 0 and u € [—m, 7). In
particular, we can find b < 1 such that |¢(u)| < bfor § < |u| and u € [—7, 7]
But clearly we can choose ¢, > 0 so that b < e~2“* for u € [—m, 7]2. Setting
¢ = min(cy, ¢2) > 0 we then have

(4.19) ou) < e’y e -7 a2
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On D,,(v) we can write

(4.20) > pi-Sn
j=1

Hence on D, (1))

pr S(ny)) = S(nyg-1)))-

7=1

(4.21)E <6i23”:1pj~3(nj)/(b n1/2> H Zm (b7 tn)Y/2)wm) —eG-n),

Now it is clear that

(4.22) { /
Z) (b;ln)1/2[—ﬂ',ﬂ'}2m

D (¢

/(b 1n) 1/2) Ty (§) =M (1))

B Z {[bnln)l/Q[—ﬂ,w}2m

1<y (1) < Sy m) <n

m 1/2
H\l— (ep; Idpj}

2 m 1/2
I - (epg)ldpa}
7j=1

is independent of the permutation . Hence writing

(4.23) uj =y pi

i=j

we have from (4.15) that

a2 B ({2 - 1.0}
: o1y () = Tncly

1
Xt
Z (b;ln)m(Qﬂ')m (b 1)L/ 2 [—7,x]2m

1<ni<---<nm,<n
1/2
Hll— epg)ldpa} :

7j=1

ZW /(b7 n)Y/?)em reG-1)
1=

1/2

b n 1/2)(nJ nj_1)
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For each A C {2,3,...,m} we use D,,(A) to denote the subset of
{1<n; <---<ny <n} for which n; =n;_; if and only if j € A. Then we
have

(4.25) ‘E ({b_lln(ln(y) —In,e(y))}m)

< m! Z Z b 1n 27'(' {[ 'n)1/2[—7,x]2m

AC{2,3,...m} Dy (A)
m 1/2
Hll—h(epj)ldpj} :
j=1

For any u € R? let 7 denote the representative of u mod (b, 'n)'/?277Z>
of smallest absolute value. We note that

1/2

(uy/ (b M) /2) =m0

(4.26) |—u|=17|, and |u+o|=|a+7]<|a+]7
Using the periodicity of ¢ we see that (4.19) implies that for all
(4.27) [p(u (b n)2)] < eelil?/ B,

Then we have that on {1 <n; <--- <mn,, <n}

2 m
< H €_C|5j\2("j—"j71)/(b771")
j=1

(4.28) (g b5 ) 2) =0

Using |1 — h(ep;)| < ce/2|p;|*% we bound the integral in (4.25) by

m

(429> Cm€m/2/ He—cmj\ (nj—n;—1)/(bn*n) ‘p ‘1/2 dp]
(bn ')/ [ m]2m S
Using (4.23) and (4.26) we have that
(4.30) LT 1ps? < TTC 1Y + il )
j=1 J=1

and when we expand the right hand side as a sum of monomials we can be
sure that no factor |uy|'/? appears more than twice. Thus we see that we can
bound (4.29) by

m

(4.31)  C™em/? max / T e mimni-ores myg, 02 g,
h(j) (b )1/2[ ﬂ.ﬂ-}Qm 1
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where the max runs over the the set of functions h(j) taking values 0,1 or 2
and such that ), h(j) = m. Here we used the fact that the number of ways
to choose the {h(j)} is bounded by the number of ways of dividing m objects
into 3 groups, which is 3. Changing variables, we thus need to bound

(4.32) / H o cli;?(nj=nj—1)/(bn*n) |77j|h(j)/2 du
An G20
where, see (4.23),
(4.33) A ={(ur, . um) | —ujp € (b= 10) Y2 [, 7]2, Vi)

Let C,, denote the rectangle (b;'n)'/?[—n,7]? and let us call any rect-
angle of the form 2wk + C,,, where k € Z?, an elementary rectangle. Note
that any rectangle of the form v + C,,, where v € R?, can be covered by 4
elementary rectangles. Hence for any v € R2 and 1 < s <n

—c—5 ’172 .
(4.34) / y ¢ |2 du
v+Ch

—e—3 |ul?
§4/ e C(blen)‘u' \u\hﬂdu
RZ

g\ R/
<C .
- (bgln)
Similarly

(4.35) / [u""? du < C(b;; 'n)1H/D,
v+Ch,

We now bound (4.32) by bounding successively the integration with
respect to uy, ..., u,. Consider first the du; integral, fixing wuo, ..., u,,. By
(4.33) the du, integral is over the rectangle us+C,,, hence the factors involving
uy can be bounded using (4.34). Proceeding inductively, using (4.33) when
nj —n;—1 > 0 and (4.35) when n; = n,_;, leads to the following bound of
(4.32), and hence of (4.29) on D,,(A):

(436> Cmem/2 [bl )1/2[ }2 H e_cmj‘z("j—”jfl)/(bﬁln) |pj‘1/2 dpj
n —,m|<™ j=1

| (n; — ;)\ 0O
< Cmem/Z H(b;ln)(Hh(])M) H ( J Jj— ) )

b-1n
jEA jEAe

n

28



Here A¢ means the complement of A in {1,...,m}, so that A¢ always contains
1. If A° = {iy,... ik} where iy < --- < i} we then obtain for the sum in
(4.25) over D,,(A), the bound

(437) Cm m/4 maX m H —1 1+h (4)/4)

ST ( o 1))—<1+h<j>/4>/2

1<n;, <- <nyy, < <n jeAc

Note that

(4.38) (b;ln)(1+h(j)/4)/2bi1 — 0 as n — oo.
)

Using this to bound the product over j € A, and then bounding the sum by
an integral, we can bound (4.37) by

B nj DN @2
(4.39) C™e Iil(éjii{ Z H( ) =

1<n;, <--<n; <njeA° n

< O™ max / [T s — r5o0)~O/209) gy,
h(3) 0<r;y <-<ri <bn jeAe

bEJeAc(l/Q h(j)/8)
< C™e™* max -

o) (X jeac(1/2 = N(5)/8))

Using this together with (4.25), but with m replaced by 2m, and the
fact that (2m!)Y/2/m! < 2™, we see that (4.7) is bounded by

5 e ac(1/2-h(j)/8) 1/2

S b
(4.40) cmamem/A max
77;) AC{Q;.,Zm} nG) T'(X eac(1/2 = h(j)/8))

We have 341155 gy 1 = 22 Then noting that >, ,.(1/2 = h(j)/8) is
an integer multiple of 1/8 which is always less than m, we can bound the
last line by

0 7 l+j/8 1/2
gl

=0 \m=l J
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00 00 bl 1/2
< mym _ m/4 n
< Cb, lEZO < E:lC A"e ) (F(l))

[ 1 1/2
< Cby (1= CAE™H)™HY " O e 40l <W)
=0

for € > 0 sufficiently small.
(4.7) then follows from the fact that for any a > 0

(4.42) 2 at (ﬁ) "

Remark 4.2 It follows from the proof that in fact for p > 0 sufficiently
(4.43) lim sup lim sup sup
e—0 n—oo Y

small, for any A > 0
1 1/2
b—logE (exp{)\ }) =

5 Theorem 1.2: Upper bound for E B, — B,

e’ bin

Proof of Theorem 1.2.
We prove (1.5) for 6 = 1:

~C, < liminfb! logIP’{E B, — B, > (21) " det(I)"Y2n log bn}

n—0o0

(5.1) < limsupb;'log ]P’{IE B, — B, > (2r) ' det(T")"*nlog bn} < —Cy

n—oo
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for any {b,} satisfying (1.3). The case of general 6 follows by replacing b,
by 8¢ in (5.1).

In this section we prove the upper bound for (5.1). Let ¢t > 0 and write
K = [t7'b,]. Divide [1,n] into K > 1 disjoint subintervals (ng, n], - -, (nx_1, ngl,
each of length [n/K] or [n/K]+ 1. Notice that

(52)  EB,-B,< i B B((n,mi2) = B((ni1,nil2) |
+E B, — iEB((ni_l,ni]i)
By (2.39), i
(5.3) iEB ((niey, ni)> ZEBm ni
g [(% T (/) og(n/ K) + O(n/ K)
mnlog(n/f() +0(n)

With K > 1, the error term can be taken to be independent of ¢ and {b,}.
Thus, by (2.39), there is constant loga > 0 independent of ¢t and {b,} such
that

(5.4) EB, — ZEB((ni_l,ni]i)

1
= (2m)Vdet T

It is here that we use the condition that E[S;|>*° < oo for some § > 0,
needed for (2.39).

By first using Chebyshev’s inequality, then using (5.2), (5.4) and the
independence of the B((n;_1,n,]%), for any ¢ > 0,

n ( log(t~'b,) + log a) .

(5.5) IP{E B, — B, > (2r) " det(I)"“2n log bn}
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< exp { — $b, log bn}E exp { - mm%@n - EBn)}
< exp {gbbn(loga — logt)} (E exp { — 2%@5@%(3@/1{] - EB[n/K])})K
By [16, Theorem 1.2],

by
(5.6) Vet T (Byu/) — E Bpuyx) Ly, (n— )

where 7, is the renormalized self-intersection local time of planar Brownian
motion {Ws} up to time ¢. By Lemma 2.5 and the dominated convergence
theorem,

by,
E exp {—27?@5\/ det FE(B[n/K]_E BWK])} — E exp {—27T¢t'yl}, (n — o00)
(5.7)

where we used the scaling £ 1.
Thus,

(5.8) lim sup b log IP’{E B, — B, > (27) " det(I)"Y2n log bn}

n—oo

1
< ¢(loga — logt) + i log E exp { — 27rgz5t71}
1
= ¢log(ag) + ; log E exp { — (1) log(6t) — 2m(¢t) |
By [2, p. 3233], the limit
o1
(5.9) C = lim - logE exp{ —tlogt — 27rtfyl}
t—oo t
exists. Hence
(5.10)  limsupb,'log IP’{IE B, — B, > (2r) ' det(T")"?nlog bn}
< ¢log(ag) + Co.

1,—(14C

Taking the minimizer ¢ =a~"e ) we have

(5.11)  limsupb;! logIP’{E B, — B, > (21) " det(I)"Y2n log bn}

n—oo

< _(I_1€_(1+C) ]

This proves the upper bound for (5.1).
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6 Theorem 1.2: Lower bound for E B, — B,

In this section we complete the proof of Theorem 1.2 by proving the lower
bound for (5.1).

Let B(x,r) be the ball of radius r centered at x. Let Fy = o{X; :i <
k}. Let us assume for simplicity that the covariance matrix for the random
walk is the identity; routine modifications are all that are needed for the
general case. We write © for (27)~! det (I)~1/2 = (27r)~L. We write D(x,r)
for the disc of radius r in Z? centered at z.

Let K = [b,] and L =n/K. Let us divide {1,2,...,n} into K disjoint
contiguous blocks, each of length strictly between L/2 and 3L/2. Denote the
blocks Jy, ..., Jr. Let v; = #(J;), wi = Y7,_, vj. Let

(6.1) BY = > 68,80, A= > 4(S;5,8).

J,ked;,j<k jeJi—1,ked;
Define the following sets:

Fiy = {Su, € D(iVL,VL/16)},

Fiy = {S(J)c|(i—1)VL—VL/8,iVL+VL/8| x[-VL/8VL/8|},
Fi3 = {B{) -~EB}) <L},

Fiu = D lpu,vn(S;) < korL for all 2 € D(iVL,3VL), 1/VL < r <2},

E,S - {Az <K/3L}7

where K1, ko, k3 are constants that will be chosen later and do not depend on
K or L. Let

(6.2) Ci=F.1NFsNFsNE4NFs
and
(6.3) E=nk ..

We want to show
(6.4) P(C; | Fu,_,) = c1>0
on the event C7 N ---NC;_1. Once we have (6.4), then
(65)  P(OZLC) =E (P(Co | Fun )i NG 2 erP(N251C),
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and by induction
(6.6) P(E) = P(NE,C;) > i = efflosar = gme2k

On the set E, we see that S(B;) NS(B;) =0 if |i — j| > 1. So we can

write

K K K
(6.7) B,=>» (BY —EBY)+> EBY +Y " A,
k=1 k=1 k=1

On the event E, each Bffz) —-E Bf)’z) is bounded by x; L and each Ay is bounded
by k3L. By (2.38), each E B = Ouloguy + O(L) = Ouilog L + O(vy).
Therefore

(6.8) B, <xiKL+O©KLlog L+ O(n)+ k3KL,

and using (2.38) again,

(6.9) EB, — B, > ©nlogn— csn— Onlog(n/b,)
= Onlogb, —c3n

on the event £. We conclude that
(6.10) P(E B, — B, > ©Onlogb, — csn) > e~

We apply (6.10) with b, replaced by b/, = ¢4b,, where ©logcy, = cs.
Then

(6.11)  Onlogh!, — czn = Onlogb, + Onlogcy — czn = Onloghb,,.
We then obtain

P(E B, — B, > Onlogb,) = P(E B, — B, > Onloghl, —csn) > e~
(6.12)
which would complete the proof of the lower bound for (5.1), hence of The-
orem 1.2.
So we need to prove (6.4). By scaling and the support theorem for

Brownian motion (see [1, Theorem 1.6.6]), if W; is a planar Brownian motion
and |z| < v/L/16, then

(6.13) P* (W € D(VL,VL/16) and
(W0 < s < v} C[—VL/3,9VL/8] x [-VL/8, ﬁ/es]) > ¢,
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where ¢5 does not depend on L. Using Donsker’s invariance principle for
random walks with finite second moments together with the Markov property,

(6.14) P(FiiNEFig | Fu,_,) > ce.

By Lemma 2.3, for L/2 < (¢ < 3L/2

(6.15) P(B, —EBy > kL) <cg/2

if we choose k; large enough. Again using the Markov property,
(6.16) P(FiiNFiaNEFis| Fy,_,) > ce/2.

Now let us look at F;4. By [17, p. 75, P(S; = y) < ¢7/j with ¢
independent of y € Z? so that

2L
(6.17) P(S; € D(z,rVL)) = P(S; =y) < 22
yED(x,r/L) J
Therefore
[21]
(6.18) E > 1p,,05(S) < > P(S; € D(x,rVL))
JE€J1 j=1
[2L) 9
S 7’2L 4 Z Cg?". L
j=r2L J

< r*L+cpoLr?log(1/r) < ey Lr*log(1/r)

if 1/VL <r <2 LetC, = > jem Loy (S5) for m < [2L] + 1 and let
Cm = Cppj41 for m > L. By the Markov property and independence,

(6.19) E[Cox —Cn | Fnl S1+E[Co — Cpgr | Fin
<1+ESCy < cioLr?log(1/r).

By [1, Theorem 1.6.11], we have

C[2L]+1 ><c
coLlr?log(1/r)) = %

(6.20) E exp <013
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with ¢13, c14 independent of L or r. We conclude that for V > 0
(6.21) (D" Lppvn (8) > VIt log(1/r)) < cpse™".

JjeN1

Suppose 27 < r < 275! for some s > 0. If z € D(0,3v/L), then each point
in the disc D(z, /L) will be contained in D(z;,2~°+3\/L) for some x;, where
each coordinate of z; is an integer multiple of 275=2v/L. There are at most
172% such balls, and Lr?log(1/r) < ¢182%/2Lr, so for V > 0

(6.22)1@( sup Z 1D(m,rﬁ)(5j) = VTL) < 6192256—520\/28/2‘
zeD(0,3VL), 27 <r<2”>%! je gy

If we now sum over positive integers s and take ko large enough, we see that
(6.23) P(FY,) < cs/4.
By the Markov property, we then obtain
(6.24) P NEiaNEisNFy| Fu,_,) > cs/4
Finally, we examine Fj5. We will show
(6.25) P(Fs | Fuy) < c6/8

on the set ﬂ;;lle if we take k3 large enough. By the Markov property, it

suffices to show
[2L]

(6.26) P(Z ls,cq) > I{3L> < cq/8

j=1

whenever G € Z? is a fixed nonrandom set consisting of [2L] points satisfying
the property that

(6.27) #(GND(z,rVL)) < korL,  z € D(0,3VL), 1/VL<r<2.

We compute the expectation of
[2L]

(6.28) Z 1(Sj€Gﬂ(D(O,2*’“\/Z)\D(O,2*k+1 VL))

J=1
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When j < 272, then the fact that the random walk has finite second
moments implies that the probability that |S;| exceeds 27**1/L is bounded
by ¢915/(272**2L). When j > 272¢[, we use [17, p. 75], and obtain

k /€22 kL

(6.29) P(S; € GN (D(0,27"VL) < ¢y
So

[2L)]
(6.30) E Z 16(S

I€22 L
<Z Z €22 Z Z C5okTaT, 2k+2L
k [2L]>j>2—2kL k  j<2-2k[

S Z 023:%2]{32 L + 0242_2kL) S 025L.
k

So if take k3 large enough, we obtain (6.26).
This completes the proof of (6.4), hence of Theorem 1.2. 0

7 Laws of the iterated logarithm

7.1 Proof of the LIL for B, —EB,,

First, let S5, S} be two independent copies of our random walk. Let

(7.1) l(n,z) = Z(S(Si ), O(n,x) = Z 5(S!,x

and note that

(7.2) Iim = Z Z 8(Si, ) =Y Uk, x)l(n, ).

Lemma 7.1 There exist constants c1, co such that

(7.3) P(Ii, > AWkn) < cre™*,
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Proof. Clearly

(7.4) L)"=> Y (ﬁﬁ(k,xi)) (f[z’(n,x,-))

1‘1622 Tm €Z2 i=1

Using the independence of S and 5,

m

(75) E(L)™ =3 - 3 E (U kx) (Hzf(n,x,.)).

T1€Z2 Tm E€Z2 =1

By Cauchy-Schwarz, this is less than

(7.6) [ Z Z <E<ﬁ£(iji>)>2r/z

r1€7Z2 T EZ2

(X % (I mm) ]

_

We can rewrite

m

-y - Y E (He (k xi))IE (ﬁﬁ/(k,xi)) =E ((I,)™),

z1€Z2 T €22
and similarly J, =E ((1,)™).

Therefore,

(7.8) E exp(aly,/Vkn)

o am .

m

< Y o (™) (E (L)™)"

< (CoEE)) (=)
< (E e“fk/’f> 2 (E eaf"/"> v

By Lemma 2.2 this can be bounded independently of k and n if a is taken
small, and our result follows. 0
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We are now ready to prove the upper bound for the LIL for B, —E B,,.
Write = for vdet I' 5(2, 2)~%. Recall that for any integrable random variable
Z we let Z denote Z —EZ. Let € > 0 and let ¢ > 1 be chosen later. Our
first goal is to get an upper bound on

— —
IP’(n/rznng;an > (14 ¢)=" 'nloglogn).
Let mg = 2V, where N will be chosen later to depend only on € and n. Let
Ap be the integers of the form n — kmg that are contained in {n/4,...,n}.
For each 7 let A; be the set of integers of the form n — kmg2™" that are

contained in {n/4,...,n}. Given an integer k, let k; be the largest element
of A; that is less than or equal to k. For any k € {n/2,...,n}, we can write

(7.9) Bj, = By, + (B, — By,) + -+ + (Bry — Biy_,)-

If B, > (14 &)= 'nloglogn for some n/2 < k < n, then either
(a) Bko > (1+5)="'nloglogn for some ko € Ao; or else
(b) for some i > 1 and some pair of consecutive elements k;, ki € A;, we have

(7.10) Bjs — By, > 7522 'nloglog n.

For each ko, using Theorem 1.1 and the fact that ky > n/4, the prob-
ability in (a) is bounded by

(7.11) exp(—(1 + §)loglog ko) < c1(logn) +3).

There are at most n/mg elements of Ay, so the probability in (a) is bounded
by
(7.12)

n C1
mo (logn)' ™3
Now let us examine the probability in (b). Fix ¢ for the moment. Any

two consecutive elements of A; are 27'my apart. Recalling the notation (2.16)
we can write

So
P(By, — B; > 7552 'nloglogn) < P(B([j+1,k]2) > 5555 'nloglogn)
(7.14) +P (B([1,4] x [j + 1,k]) > &Z""nloglogn) .
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We bound the first term on the right by Lemma 2.3, and get the bound

ce nloglogn) < ox (_ﬁ?
802 27my )~ P\ 802
if j and k are consecutive elements of A;. Note that B([1,j] x [j + 1,k]) is

equal in law to I;_1 ;—;. Using Lemma 7.1, we bound the second term on the
right hand side of (7.14) by

(7.15) exp ( — (n/myg) loglog n)

( e nloglogn )
C1 X — C
LT 802 2t ]

(7.16) < c1exp ( — 02%2"/2(71/m0)1/2 loglogn).

The number of pairs of consecutive elements of A; is less than 27! (n/my).
So if we add (7.15) and (7.16) and multiply by the number of pairs, the
probability of (b) occurring for a fixed ¢ is bounded by

(7.17) C3ﬂ2i exp ( — 42%(n/mg)"? log log n/(80i2)).
mo
If we now sum over ¢ > 1, we bound the probability in (b) by
(7.18) 05i exp ( — cg(n/mg)*?log log n)
mo

We now choose mg to be the largest power of 2 so that cg(n/mg)'/? > 2;
recall n is big.

Let us use this value of mg and combine (7.12) and (7.18). Let n, = ¢*
and
(7.19) Cy={ max B> (1+¢)= "nsloglogny}.

ng_1<k<ng

By our estimates, P(Cy) is summable, so for ¢ large, by Borel-Cantelli we
have
(7.20) max B < (1+ )2 'nyloglogny.

ng_1<k<ng

By taking ¢ sufficiently close to 1, this implies that for k large we have
By < (1+2¢)= 'kloglog k. Since ¢ is arbitrary, we have our upper bound.
m

The lower bound for the first LIL is easier. Let 4 > 0 be small and let
él+6
ne = [e" ]. Let

(7.21) Dy = {B([ne—1 + 1,n,%) > (1 — £)= 'ngloglog ne}.
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Using Theorem 1.1, and the fact that ny/(n,—mne_1) is of order 1, we see that
> W P(Dy) = 0 if 6 < €/(1—¢). The D, are independent, so by Borel-Cantelli

(7.22) B([ne—1 + 1,n4%) > (1 — )= 'nglog log n,
infinitely often with probability one. Note that as in (7.13) we can write
(7.23) By, = B([ng—1 + 1,14)%) + Bn,_, + B([1,15-1] X [ne—1 + 1,n4]).
By the upper bound,

B

lim sup met <
100 Ty—1loglogmn,_;

-1

(1]

almost surely, which implies

: E”Zfl
(7.24) limsup ———— — =
oo Myloglogmny

Since B([1,n-1] X [nse—1 + 1,n4]) > 0 and by (2.5)
E B([1, 1] X [ne—1 + 1,n4)) < c14/Mu—1v/1e — ny—1 = o(nyloglogny),
(7.25)

using (7.22)-(7.25) yields the lower bound. 0

7.2 LIL for EB, — B,

Let A =27v/detI'. Let us write J, = EB, — B,,.
First we do the upper bound. Let my, A;, and k; be as in the previous
subsection. We write, for n/2 < k <mn,

(726> I :Jko+(Jk1 _Jko)_‘_"'_l—(‘]kN_JkNﬂ)'
If max, jo<k<n Jr > (1 +¢)A~'nlogloglogn, then either

(a) Jky > (1 4+ 5)A 'nlogloglogn for some ko € Ay, or else
(b) for some i > 1 and k;, k. consecutive elements of A; we have

(7.27) iy — Iy > ﬁA‘lnlog log log n.
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There are at most n/mg elements of A,. Using Theorem 1.2, the prob-
ability of (a) is bounded by

(728) 01—6 —(1+% )loglogn.
Mo
To estimate the probability in (b), suppose j and k are consecutive
elements of A;. There are at most 2°71(n/my) such pairs. We have

(729)  Jo—J; = —B([j+1,K2) = B([1,5] x [j + 1,k])
([7+ L k2) + EB([1, 4] x [j + 1, &])

(I + LK) + e/ k — J,

as in the previous subsection. Provided n is large enough, cov/jvEk —j =
27/ 7V 27 "mg will be less than 8052A 'nlogloglogn for all i. So in order for
J. — Jj to be larger than ;5> A~ 'nlogloglogn, we must have —B([j + 1, k]2)
larger than sz 'nlogloglogn. We use Theorem 1.2 to bound this. Then

multiplying by the number of pairs and summing over 7, the probability is
(b) is bounded by

-B
B

[VARVAN

loglogn n _
(730> § 2z+1 6 80122 zm < c3—e c;;(n/mo)loglogn.
mo

We choose mg to be the largest possible power of 2 such that c¢ys(n/mg) > 2.
Combining (7.28) and (7.30), we see that if we set ¢ > 1 close to 1,
Ny = [q£]> and

(7.31) E,={ max J; > (1+¢)A 'nslogloglogn,},

ng/2<k<ny

then ), P(Ey) is finite. So by Borel-Cantelli, the event E, happens for a last
time, almost surely. Exactly as in the previous subsection, taking ¢ close
enough to 1 and using the fact that ¢ is arbitrary leads to the upper bound.
m

The proof of the lower bound is fairly similar to the previous subsection.
Let ny = [¢/""]. Theorem 1.2 and Borel-Cantelli tell us that F, will happen
infinitely often, where

(7.32)  Fy={-B([ne_1 + 1,n42%) > (1 — e)A™ 'y logloglog n,}.
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We have
(7.33) Jng > —B([ne—1 + 1,n02%) + Jn,, — AL, ne_15m0-1,10).
By the upper bound,

(7.34) J,

ne—1

= O(ny_1logloglogn,_1) = o(n,logloglogny).

By Lemma 7.1,

eny logloglogn, )

2 .
V-1 — N1

P(B([1,n—1] % [ne—1+1,ns]) > englogloglogng) < c; exp (—c

(7.35)
This is summable in ¢, so

B([1,m01] X [ng1 +1,n4]) <:

. li
(7.36) Hﬁi‘.fp ny logloglog ny

almost surely. This is true for every e, so the limsup is 0. Combining this
with (7.34) and substituting in (7.33) completes the proof. 0

Acknowledgment. We thank Peter Morters for pointing out an error in
the proof of Lemma 2.2 in a previous version.
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