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Abstract

We construct a K -rough path [along the terminology of Deya (Probab Theory Relat
Fields 166:1-65, 2016)] above either a space-time or a spatial fractional Brownian
motion, in any space dimension d. This allows us to provide an interpretation and a
unique solution for the corresponding parabolic Anderson model, understood in the
renormalized sense. We also consider the case of a spatial fractional noise.
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1 Introduction

The main objective of the analysis in this paper is to provide a wellposedness statement
for the following parabolic Anderson model:

dur(x) = Y Au;(x) +u,(x) Wy (x), teRy, x eRY, (LD
uy=v ’
in situations where W corresponds to a space-time fractional noise of low regularity.
Formally, the covariance function of such a noise W can be written as

E[W,(x) Ws(»)] = no(t —s) y(x — y), (1.2)

with yo and y the distributions, given in Fourier modes by

d
VO(I) — CHQf Elktl)\,|l_2H0d)\t and y(x) — CH/ ezé-x l—[ |$j|1—2de%.’
R R4

j=1

(1.3)

where H denotes the vector (Hj, . .., Hy) and where ¢, cq are the positive constants
explicitly given by

|elé 1|2 —1/2 |et$ |2 —1/2
C”"=</ ‘§|s|2H+1> ’ CH‘<H/ Em”’“) -9

At this point, it should already be noted that a Skorohod interpretation and treatment
of the model in the rough environment (1.2) has recently been carried out by one of
the authors in [1], using a delicate analysis of intersection local times. We have then
extended these considerations in [2], and therein provided sharp moment estimates on
the Skorohod solution.

In contrast with the latter investigations, we here would like to study equation (1.1)
along a Stratonovich (or pathwise) interpretation. The basic idea behind this approach
can be roughly expressed in terms of approximation procedures. Namely, we first
introduce a sequence {W”; n > 1} of smooth approximations of W, which can for
instance be given by a mollyfing procedure

W™ = 8,0y, ...0x,W", where W" := p, * W and p, (s, x) := 2@+ 5275 2"x), (1.5)
for some mollifier p : R¥*! — R, satisfying standard regularity assumptions. Then

consider the sequence {u"; n > 1} of classical solutions associated with W", that is
u" is the solution of

1
dul(x) = —Au”(x)—i—u, (xX) W'(x), teRy,xeR?,
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understood in the classical Lebesgue sense. From here, we would like to define the
Stratonovich solution of (1.1) as the limit of u” as n — 00. The whole question behind
this definition is of course to determine under which conditions such a convergence
can indeed be guaranteed.

As long as W is not too irregular, this pathwise-type strategy can be successfully
implemented through the so-called Young framework (see e.g. [7, Section 5]). If
one then wants to extend the above considerations to more irregular noises, some
sophisticated procedures based on higher-order expansions and renormalization tricks
must be involved. The so-called theory of regularity structures, introduced by Hairer
in [5], provides us with both a convenient setting and powerful tools to address this
extension issue. In the sequel, we will thus rely on Hairer’s ideas to properly formulate
and analyze the questions raised by equation (1.1) in a rough environment.

This approach was already used in a similar fractional setting by one of the authors
(see [3,4]), so as to handle the one-dimensional non-linear heat model

oty (x) = %Au,(x) +o(x, us(x)) Wt(x), tel0, T],x eR, (1.6)

where o : R x R — R is a smooth bounded function with compact support in its first
variable, and 7 is a small enough time. The latter assumptions clearly do not cover the
model under consideration [i.e., Eq. (1.1)], and accordingly further work is required
here.

An important novelty to tackle in this situation is the “non-compactness™ of the
perturbation term u W, as opposed to o (., u) W in (1.6) or to the torus framework
that prevails in [5]. A natural idea to cope with this additional difficulty consists in
the involvement of weighted topologies in the analysis. In the Young setting, such
a weighted treatment of the model can be found in [7, Section 5]. The basis of the
corresponding analysis for the rough situation have been laid by Hairer and Labbé in
[6], with stochastic applications focusing on the white noise situation.

Through the subsequent investigations, we propose to extend the application of the
formalism of [6] to the fractional situation, and thus provide a Stratonovich counterpart
of the considerations of [1] regarding the Skorohod setting. In turn, the constructions
below will be used as the starting point of the comparison procedure performed in [2,
Section 4], and ultimately leading to new moment estimates for the solution of (1.1).

Let us now specify the range of Hurst indexes Hy, Hi, ..., Hy, i.e. (morally) the
range of regularities for W, covered by the analysis in this paper. We recall first that
the above-mentioned Young treatment of the model can be considered as long as
2Hy+ Hy +---+ H; > d + 1 (see [7, Section 5] or [3, Section 5]). We here intend
to focus on the next stage of the regularity-structure approach to the problem, which
precisely corresponds to the condition

) d
d—|—§<2H0+H§d+l, whereH::ZH,-. (1.7)
i=1
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The reason behind the restriction 2Hy + H > d + % will become clear through the
developments of Sects. 2 and 3 (see also Remark 3.6 about possible extensions of the
covering). Moreover, as we will observe it in the sequel, a drastic change of regime
is to occur during the transition from the Young case to the “rough” case (1.7), with
the involvement of a central second-order process above the fractional noise, the so-
called K-Lévy area (see Definition 2.7). To some extent, and as suggested by our
terminology, this change-of-regime phenomenon can be compared with the insight
offered by the rough paths theory for the standard fractional differential equation

dYt:O'(Yt)th, (18)

where W is a (standard) fractional Brownian motion of Hurstindex H € (0, 1). Indeed,
it is a well-known fact that, when studying (1.8), the transition from the Young case
H > % to the (first) rough case % < H < % also involves the consideration of an
additional (and crucial) Lévy-area term.

Note that in order to avoid a long presentation of the numerous objects at the core of
the original theory of regularity structures (model spaces, structure groups, regularity
structures,...), we will rely in the sequel on the more direct K -rough paths terminology
introduced in [3].

The rest of the paper is organized as follows. In Sect. 2, we introduce the framework
of the analysis, and then rephrase the general well-posedness criterion of [6] using the
K -rough paths terminology (Theorem 2.11). Our main result, namely the existence
of such a K-rough path above the fractional noise, is presented in Sect. 3, first in
the space-time-noise situation (Sect. 3.1), then in the spatial-noise case (Sect. 3.2).
These statements will lead us to the desired Stratonovich solution of equation (1.1)
(Definitions 3.4 and 3.11). The details of the construction of the fractional K -rough
path in the space-time situation, resp. the spatial situation, will be provided in Sect. 4,
resp. Sect. 5. Finally, the “Appendix” section contains the proofs of two useful technical
results.

2 Framework of the analysis
2.1 General notation

For the sake of clarity, let us start by specifying a few pieces of notation that will be
used throughout the study.

First, note that two different kinds of Fourier transforms on R9*! will be involved
in the sequel. Namely for a function f (¢, x) on R4t the Fourier transform on the
full space-time domain R?*! is defined with the normalization

Ffm, &) = / 1 e D) £ (1 x)drdx, 2.1

RAd+
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The analysis will also rely, at some point, on the spatial Fourier transform F* given
by

FSft, &) = /Rd e S F(t, x)dx. (2.2)

Regarding the stochastic setting, we denote by (2, 7, P) the probability space
related to W, with E for the related expected value. The heat kernel on RY is denoted
by p:(x), and recall that

_ 1 o 23
pi(x) = Gnnil exp —7) (2.3)

Also notice that the inner product of a, b € R is written as a - b throughout the paper.
As mentioned in the introduction, we write H for the vector of space Hurst param-

eters (Hi, ..., Hy), and denote the sum of these parameters as
H=>H;. (2.4)
j=1

Following the convention in [5], the below considerations on the theory of regu-
larity structures will occasionally appeal to the parabolic distance, defined for all
(5.%), (1, y) € R**! as

ds((s, %), (1, ) = 12, y) = (5, ) |5 == max (|t — 5|, Iyt = x1], ..., [ya — xal)-
(2.5)

Finally, we write a < b to indicate that there exists an irrelevant constant ¢ such that
a <cbh.

2.2 Weighted Besov topologies and K-rough paths

Our purpose in this section is to give an as-compact-as-possible presentation of the
regularity structures framework. As we mentioned above, the formalism is presented
here in its weighted version (following [6]). Of course, we will only focus on its
application to the dynamics under consideration, that is to the model
8,u=%Au+ux, te[0,T], x € RY,

(2.6)
uo(x) = ¥ (x),

with x a distribution of order « < 0 to be specified (at this point, the equation is only
formal anyway). This customization of the theory will lead us to the introduction of a
fundamental object at the core of the machinery: the K -rough path (see Definition 2.7
below).
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The weights considered in the sequel have to satisfy a growth assumption which is
summarized in the following definition.

Definition 2.1 A function w : RY — [1, 00) is a weight on R if for every M > 0,
there exist ¢y, c2, i > O such that for every x, y € RY with |x — y| < M, one has

cim = <coM-

w(y)

Given a weight w € R?, we will henceforth denote by Lg"(Rd *+1) the space of func-
tions defined by

LZ»O(RdH) = {f (RIS R; forall T > 0, sup /500l < oo},
(s,x)e[-T,TIxR4 w(x)
2.7

We also write C) (R?+1) for the set of continuous functions in L5 (R +1).
Let us now turn to the definition of the (weighted) Besov-type spaces of distributions
involved in Hairer’s theory. Consider first the case of a positive order A € (0, 1):

Definition 2.2 Let w be a weight on R4, For every A € (0, 1), we will say that a
function 6 : RY*! — R belongs to CX (RY*) if for every T > 0,

) 16 (s, x)| [0(s, x) —0(t, y)l
Olrw = sup + s -
(s.0)el-T.T1xRd W) ((5,0),(t.y)eDr, WI(s, x) — (&, Y%

where we recall that the distance || - || is defined in (2.5) and where the domain D7 2
is defined by

Dra
= (G0, ) e R X RIT 1 € [T T 6000 # (14 y) and (5,00 = (1 )l < 2

2.8)

In order to define spaces of negative orders, we first need to recall the following

notation for a scaling operator. Namely for all 6 > 0, (s,x), (f,y) € R4+ and
¥ R 5 R, denote

(S W)t y) =8~ Pp(872(t —5), 87 (v — x)). (2.9)

Also, for every £ > 0, we will need to consider a specific set of compactly supported
functions:

By = {y € C"R™"); Supp(¥) C Bs(0, 1) and |||l < 1}, (2.10)
where CY(R4*1) refers to the space of ¢-times differentiable functions on RA+!,

W lee := sup {119y, -+ Oy, ¥lloo, O <k <€, i1, ik €{1,....d+1}},
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and B, (0, 1) stands for the unit ball in R*+! associated with the parabolic distance
(2.5). Finally, we denote by Cgo (R4+1) the space of ¢-times differentiable functions (on
R4+1) with bounded derivatives, and define D), (R?*!) as the dual space of C5 (RYT1).
With those additional notions in hand, we now give the definition of distributions with
negative Holder type continuity which is used in the sequel.

Definition 2.3 Let w be a weight on R¥ as given in Definition 2.1. For every a < 0,
we will say that a distribution x € D'(R?*!) belongs to C% (RY*!) if it belongs to

D1y R and if for every T > 0,

, S8
Ixlle: 7w = sup sup  sup 10 55,0001 < oo, (211

(.0E[-T.TIxRY yep2dth 560,11 0YW(x)

Remark 2.4 As can be seen from (2.11) we are considering topologies that are “local-
ized” in time, and global, but “weighted”, in space. Besides, note that the choice of the
regularity 2(d + 1) in the condition x € D/z( d+1) is somewhat arbitrary. In fact, for the

deterministic part of the analysis, we could replace this condition with x € D, (RI+1
for any finite » > 1, as explained in [5]. The 2(d + 1)-regularity will only prove useful
in the stochastic constructions of Sect. 4 (see for instance Lemma 4.3).

The following topological spaces, which somehow correspond to “lifted versions”
of C% (RI*1), will later accommodate the central K -rough paths:

Definition 2.5 Let w be a weight on R?. For every a < 0, we say that a map ¢ :
RI*! — D'(RIH1) belongs to C% (RY*1) if for every (s, x) € R¥*!, ¢, , belongs to
D’z(dH)(RdH) and if, for every T > 0,

|<§s,x, S;S’X(PH
S lla;7,w := sup Sup - sup ——c—ae—
(5. 0)e[~T, TIXR? g2+ §€(0,1] w(x)

where the sets IS’I5 are given by (2.10).

We still need one last technical ingredient in the procedure: the definition of a
localized heat kernel, which essentially transcribes the singular behavior of the (global)
heat kernel around (0, 0).

Definition 2.6 We call a localized heat kernel any function K : RITI\{0} — R
satisfying the following conditions:

(i) Ttholds that ps(x) = K (s, x)+ R(s, x), for some “remainder” R € C>®°(R4t1),
where we recall that the heat kernel p is defined by (2.3).
(i) K(s,x) =0assoonass < 0.
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(iii) There exists a smooth function Ky : R4*t! — R with support in [—1, 1]¢*!
such that for every non-zero (s, x) € RY*! one has

K0 =Y 2728} Ko)(s.x) and R(s,x) = Y 272482 Ko)(s. ).
>0 £<0
(2.12)

We are finally in a position to introduce the key object of the machinery, namely a
distribution in the second chaos of the noise x which plays the role of the Lévy area
in our context.

Definition 2.7 Let w be a weight on R4 (see Definition 2.1), let K be a localized heat
kernel (see Definition 2.6) and consider « < 0. Also, fix x € C (R4+1). We call
an («, K)-Lévy area above x (for the weight w) any map A : RI*+T 5 D/(RITT)
satisfying the two following conditions.

(i) K -Chen relation For all (s, x), (t, y) € R4+,

Asx — Ay =K x ), y) — (K * x)(s, )] x ,

where the notation * refers to the space—time convolution.

(ii) Besov regularity A belongs to C2%+2(R+1), where the space C2¢*+2 is introduced
in Definition 2.5.

We call («, K)-rough path above x (for the weight w) any pair x = (x, )(2) where
x €C% (R4t1) and x2isan (o, K )-Lévy area above x (for the weight w). We denote
by Séfw the set of such («, K)-rough paths (for the weight w). If x = (x, x». ¢ =
€. tHe Ef. we set

sw?

. 2 2
llx, ;”ot;T,w =x— é-”ot;T,w + X" = ¢ lows2: T w-

A global distance on £ (f , 18 then given by

1%, & llosk,w

d . , — 2_k— ’
wn(x.8) = )2 S

k>1

(2.13)

By mimicking the arguments of the proof of [3, Proposition 3.1], we immediately
deduce the following completeness property:

Lemma 2.8 Forevery weight w on R?, every localized heat kernel K and every o < 0,
& O{( w» doiw) IS a complete metric space.

Let us complete Definition 2.7 with two fundamental remarks, that often turn out
to be essential in the application of the theory.

Remark 2.9 Recall that the space L°(R*!) is defined by (2.7). In the “regular”
situation where xy € L‘;}"(Rd“), there exists a straightforward canonical K-Lévy
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area above x (for the weight w?) given by the formula

Xo (6, y) =LK % ), y) = (K % x)(s, )1 x(t, ), (2.14)

where we recall that * refers to space-time convolution in this setting. The resulting
canonical K-rough path will be our standard reference in approximation (or conti-
nuity) results. The situation can here be compared with Lyons’ rough paths theory,
where (classical) rough paths are often obtained as the limit of the canonical rough
path given by the set of iterated integrals.

Remark 2.10 Starting from a K-Lévy area x2, any constant ¢ gives rise to another
K-Lévy area by setting 5(\% Lty = X%, .(t,y) — ¢, which paves the way toward
renormalization tricks. In the sequel, we will use the notation

Renorm((x, x*), ¢) := (x, x* = ©) (2.15)
for such elementary renormalization.

2.3 A general solution map

With the above setting and notation in hand, the following “black box” statement about
equation (2.6) can now be derived from a slight adaptation of the considerations and
results of [6]:

Theorem 2.11 (Solution map) Fix an arbitrary time horizon T > 0 and a parameter
o€ (—‘—‘, —1). Then there exist a localized heat kernel K, two weights w1, wy on R4
(that depend on T ), and a “solution” map

KT . ck d . d

Q=D w Cawy X L®°(R%) — L*°([0, T]; L%(R ), (2.16)

where 5ot;w1 is introduced in Definition 2.7 and LSy is given by (2.7). The map ® is

such that the following properties are satisfied:

(1) Weights One has wy(x) = (14 |x|)*! and wy(x) = e2U+XD for some k1, ky > 0.

(ii) Consistency Assume x € L™, (RN and x € 5§~w1 is the canonical K -rough
wl ?

path above x with Lévy-area term defined along (2.14). Then for any ¥ € L™ (RY)

one has ®(x, V) = u, where u is the classical solution on [0, T'] of equation (2.6).

(iii) Renormalization As in item (ii), consider x € L*, (R4 and its canon-
U)l

ical K-rough path x. For an initial condition € L®(R?) and ¢ € R, set
U = ®(Renorm(x, c), V), where Renorm(x, ¢) is defined by (2.15). Then U is the
classical solution on [0, T] of the equation

{a,ﬁ: IANG+@x —cii, te€[0,T], x e RY,
up(x) = ¥ (x).
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x L®@RY) and let (x", ¥™) € EX  x L®RY)

oWy

(iv) Continuity Let (x, V) € &
be a sequence such that

otw1

do,w; (X", ) = 0 and |[Y" = YllLom — 0,

where dy ., is the distance introduced in (2.13). Then ®(x",¥") converges to
®(x, V) in the space L ([0, T]; L3y (Rd))

Remark 2.12 We are aware that the corresponding results in [6] are actually expressed
in terms of (weighted) models and structure group, following the general terminology
of [5]. However, the transition from our (lighter) notion of an (¢, K)-rough path to
a regularity structure (that is, a model together with a structure group) is a matter
of elementary considerations, as detailed in [3, Proposition 2.5]. The only technical
point requiring some attention is the control of K * x, as an element of Cfﬁz (RI*1,

in terms of y € Cg‘)l (R4, for a € (—;—‘, —1). In fact, following the lines of the

proof of [3, Lemma 2.2], one can easily check that for every weight w on R?, every
o€ (—2,—1),every x € Cg(R‘H‘l) and every time 7 > 0, one has

1K * xllat2;7,w S WX lla 7w (2.17)

which precisely corresponds to the control we need in order to justify this transition.

3 Main results

We now go back to the stochastic setting and to the consideration of a fractional noise
x := W in equation (2.6). In other words, we go back here to the analysis of (1.1).
With the result of Theorem 2.11 in mind, the strategy toward the desired Stratonovich
solution is clear: we need to construct a K -rough path above W in the almost sure
sense, preferably as the limit of some (renormalized) canonical K -rough path (for the
continuity property (iv) in Theorem 2.11 to hold).

First, we will proceed to the detailed presentation of our existence result in the
situation where W is the space-time fractional noise defined by (1.2) [for (Hp, H)
satisfying (1.7)]. Then we will review the main steps of the construction in the (easier)
situation where W is only a spatial fractional noise.

3.1 Application to a space-time fractional noise

Let W be the noise defined by (1.2), for some Hurst index Hy € (0, 1) in time and

= (Hy,...,Hy) € (0, )% in space. Let us recall that W can also be seen as the
derlvatlve of a space-time fractional Brownian motion W, that is W= 0y 3x1 S0, WL
As a consequence, one can easily define a smooth approximation W” of W by using
a standard mollifying procedure.
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To be more specific, we define the approximated noise W”" by W := 0 and for
n=>1,

W' = 90y, ... 0, W", where W" := p, x W and p, (s, x) := 21d+2) 5(22ng DMy,
(3.1)

for some mollifier p : R?*t! — R satisfying the following (natural) assumptions:

Assumption (p) We consider a smooth, even, and L' (R?*!) function p : R4l —
R . In addition we suppose that p satisfies

() Jpas1 p(s, x)dsdx = 1.
(i) The Fourier transform F p is Lipschitz.
(iii) Forevery (79, 71, ..., 74) € [0, 1]d+1, the following upper bound holds true for
every (A, £) € R4+,

d

IFph, §)] < celA]™™ l_[ &7 (3.2

i=1

Remark 3.1 Assumption (p) is trivially satisfied by any smooth, even and compactly-
supported function p : R — R, such that [pa1 p(s, x)dsdx = 1. These
conditions also cover the mollifying function considered in [7, Section 3.2] or in
[8, Section 5], that is p(s, x) := @(s)pi(x), where ¢ := 1jo,1] and p; refers to
the Gaussian density (2.3) at time 1. Last but not least, Assumption (p) is satis-
fied by the mollifier considered in the Skorohod analysis of [2, Section 3], that is
p(s,x) := p1(s)p1(x). The latter choice will become our standard reference in the
subsequent Definition 3.4.

Once endowed with the approximation W™, let us consider the canonical K -rough
path W” := (W", W2"), defined along Remark 2.9. Namely we set

W22, y) i= 0 (1, y) - W(t, ), (3.3)

s X

where
I¢ (t,y) = (K« W(t,y) — (K * W")(s, x). (3.4)

With this setting in hand, our main statement will consist in a convergence property
for the (suitably renormalized) sequence W" := (W", W2™")_ The statement will
appeal, among other things, to the following technical result (the proof of which is
postponed to Sect. 1).

Lemma 3.2 Let p be a mollifier satisfying Assumption (p), and let Hy € (0, 1), H =
(Hi, ..., Hy) € (0, 1)? be such that

2Hy+ H <d +1, (3.5)
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where the notation H has been introduced in (2.4). Recall that the heat kernel p is
defined by (2.3). Let us set from now on

d
1 1
Nito.a (i) = oy q T (3.6)

namely cocg N, Ho,H IS the Fourier transform of the measure yy ® y introduced in (1.3).
Then, for every fixed ¢ > 0, the integral

[ FpOLOPFPO N 6 dids 3.7)
[A|+|E>=c
is finite, and when 2Hy + H < d + 1, it even holds that

Jp,HoH = /Rd+l \Fp O, O Fph, ©)Nbip m(, §) didE < 0o. (3-8)

For simplicity, let us set from now on cpyH = ch,cH, Where ch,, cy are the
constants defined in (1.4). We are now ready to state the result about the existence of
a K -rough path above our noise.

Theorem 3.3 Let p be a mollifier satisfying Assumption (p). Consider Hurst param-

eters Hy € (0, 1) and H = (Hy, ..., Hy) € (0, l)d. We strengthen condition (3.5) in
the following way:

d+%<2H0+H§d+1, (3.9)
where we recall that H is given by (2.4). In this setting, fix @ € R such that

oa<—d+2)+2Hy+ H. (3.10)
Forn > 1, define W" as in (3.1) and set

W" := Renorm(W", c;'f)}LIO’H), (3.11)

with

C%io,l-l 22n(d+l—(2H0+H))jp.H0.H F2Ho + H < d+ 1

(™ _
p,Hyp,H "™

c%‘]o,H [Al+]E[2>2-2n [Fo, S)‘pr()‘v S)NH(),H()H §)drds if2Hy+ H =d +1
3.12)

where the operator Renorm is introduced in (2.15) and the quantity J, u, u is defined
in (3.8).
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Then for any weight w(x) := (1 + |x|)* withk > 0 and for the distance dy . given
by (2.13), there exists an («a, K)-rough path W such that almost surely

lim dy (W', W) = 0. (3.13)
n—oQ

For the sake of clarity, we have postponed the (long technical) proof of Theorem 3.3
to Sect. 4.

Now, by combining the deterministic result of Theorem 2.11 with the stochastic
construction of Theorem 3.3, we derive the desired Stratonovich interpretation of
Eq.(1.1):

Definition 3.4 Let p be the weight given by p(s, x) := p1(s)p1(x) as considered in
Remark 3.1. Let (Hy, H) € (0, 1)d+1 be a vector of Hurst parameters such that

2
d+§<2H0+H§d+l. (3.14)
Besides, fix @ € R such that
4
—3 <a<—(d+2)+2Hy+ H,

as well as an arbitrary time horizon 7 > 0 and an initial condition ¥ € L>®(R%).
Then, using the notations of Theorems 2.11 and 3.3, we call u := CI>§le w (VT’, yr) the
renormalized Stratonovich solution of Eq. (1.1), with initial condition . In particular,
u is the (almost sure) limit, in L°([0, T'] x R%), of the sequence (u"),>1 of classical

solutions of the equation

n_1 n nyn _ () n d
{atu = JAu fut W=t 1el0.T) xeRL o

p,Ho,H
up(x) = ¢ (x).

Let us complete the above Definition 3.4 with three comments.

Remark 3.5 Observe that the assumptions on Hy, H in (3.14) are more restrictive than
those in Theorem 3.3. This stronger restriction actually stems from Theorem 2.11,
which requires « to be strictly larger than —%.

Remark 3.6 As the reader might expect it, the extension of the result of Theorem 2.11
toany o > —% (and notonly & > — %‘) is in fact possible, at the price of an additional
“third-order” elements (on top of x and x?) in the definition of a K -rough path (see
[4, Definition 2.7] for details when d = 1). Therefore, applying this extension to
our stochastic model would require us to construct additional “third-order” processes
above the fractional noise. This strategy has been implemented in [4] for d = 1, and
when working with the “compact-in-space” topologies derived from the analysis of
(1.6). We firmly believe that the constructions of [4] could be extended to the current
setting, that is to any dimension d > 1 and to the whole space R?, at the price of
highly sophisticated computations.
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Remark 3.7 We have here chosen to study the renormalization procedure using the
framework of regularity structures, which in particular allows us to directly apply the
strategy at the level of the solution u of (1.1), and also to rely on previous general
existence results (e.g. Theorem 2.11). Another possibility to visualize the need for
renormalization in this setting is to consider the Cole-Hopf-type transformation v :=
ue~Y, where Y stands for the solution of the linear problem

WY =3AY +W, teRy, xeRY

Yo =0.

At a formal level, one can check that if u is solution to (1.1), then v becomes solution
to the problem

3.16
vg = . ( )

{8;11 = 1Av+ Vo VY + LoV, reRy, xeRY
Now remember that in the situation covered by Definition 3.4, W is assumed to be of
regularity o € —%, —1). As a consequence, one gets (formally) that Y € C**2, VY €
Ctl |VY|? e ¢*@*+D and, through a quick analysis of (3.16), we can then expect v
to be a function in C2**+* (with 2a+-4 > 1), which paves the way toward a well-defined
fixed-point argument for the equation.

The whole problem of this analysis naturally lies in the definition of the product
[VY|? for VY € C*T! (due to @ + 1 < 0). In fact, such a definition can only be
achieved by means of a renormalization trick, and the task is thus essentially the same
as the one we will implement for the second-order process W2 [defined by (3.3)].

Let us finally conclude the section with the exhibition of an asymptotic equivalence

for the constant c;”)HO g in (3.11), in the limit case 2Hy + H = d + 1 (the proof of

this statement can be found in Sect. 2).

Proposition 3.8 In the setting of Theorem 3.3, assume that 2Hy + H = d + 1. Then,
as n tends to infinity, it holds that

o =1 Crigm + O(1), (3.17)
for some constant C y, g independent of p.

Thus, when compared to the behavior of cgf)Ho,H as2Hy+H < d+1[see(3.12)], the
expansion (3.17) clearly emphasizes the specificity of the border case 2Hy+H = d+1
in the analysis of the problem.

3.2 Application to a spatial fractional noise

We now would like to specialize the previous results to a spatial fractional noise. In
other words, we consider here {WH (x), x € Rd} a spatial fractional Brownian motion
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of Hurst index H € (0, 1) and set
T H
W= 0y ...0,W". (3.18)

In many situations, it is known that, at least at a formal level, the transition from a
space-time fractional noise to a spatial fractional noise essentially reduces to “taking
Hp = 1”. Our aim in the sequel to fully justify this phenomenon in the situation we are
interested in, that is the study of equation (1.1). To this end, we propose to review the
successive steps of the analysis provided in Sect. 3.1 and examine the corresponding
results in the spatial situation.

Thus, as a first step, we introduce a smooth approximation W” of W obtained
through a general mollifying procedure. That is, we define the approximated noise
wn by WO :=0andforn > 1,

W(s, x) = W' (x) 1= (8y, ... 0, W) (x), W™= pux WH p,(x) 1= 27" p(2"),
(3.19)

for some mollifier p : RY — R, satisfying the following assumptions (remember
that the notation 3 refers to the spatial Fourier transform, along (2.2)):

Assumption (p) We consider a smooth, even, and L' (R¢) function p : R — Ri.In
addition we suppose that p satisfies

() fpap(x)dx =1.
(ii) The Fourier transform 3 p is Lipschitz.

(iii) Forevery (11, ..., 1) € [0, 1]d, the following upper bound holds true for every
£ eRY,
d
FalG I B iSRG (3.20)

i=1

The canonical K-rough path (W"),>; := (Wn, WZ’")nzl above W" can here be
written as

W21, y) = W2 (y) == T (y) - W (y), (3.21)
where
TH(y) = (K % W (y) — (K * W"(x), (3.22)
with
K(x) := /OO ds K (s, x). (3.23)
0

It is worth noting that, owing to the very definition of K (see Defmition 2.6), the latter
integral is indeed finite (for every fixed x € R9), and also that K € L1(RY).
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The spatial counterpart of the preliminary Lemma 3.2 now reads as follows (the
proof of this property can be shown with similar estimates to the ones in Sect. 1).

Lemma3.9 Let p : RY — R be a mollifier satisfying Assumption (p), and let H =
(Hi, ..., Hy) € (0, 1)? be such that

H<d-1, (3.24)

where the notation H has been introduced in (2.4). Let us set from now on
0
Mu@) =]] PrE=E (3.25)
1

i=1

namely cyg N1 is the Fourier transform of the measure yy introduced in (1.3). Besides,
recall that the heat kernel p is defined by (2.3). Then the following integral is finite:

JpH = /Rd |]—'Sp(g)|2NH(g)</0 ds fsps(€)> d§. (3.26)

We are now in a position to present the (expected) counterpart of Theorem 3.3 for
the spatial situation.

Theorem 3.10 Let p : RY — R be a mollifier satisfying Assumption (p), and fix
d>2 LetH= (H,..., Hy) € (0, l)d be a vector of Hurst parameters such that

3
d—> <Hsd-1, (3.27)

where we recall that H is given by (2.4). In this setting, fixx < H —d.
Forn > 1, define W" as in (3.1) and set w" .= Renorm(W", c;")H), with
2MUA=H=Dc2 7 4 ifH <d—1
Wy = (3.28)
o Jiizan |fsp(s>|2NH<s><fo°° ds fsps@)) g ifH=d-1

where the constant cy is defined in (1.4) and the quantity J, g in (3.26).
Then for any weight w(x) := (1 + |x|)* wi/t\h k > 0 and for the distance dy ., given
by (2.13), there exists an («a, K)-rough path W such that almost surely
lim dy (W', W) = 0. (3.29)
n—oQ

Proof See Sect. 5 for a survey of the adaptations to be made with respect to the
arguments used in the proof of Theorem 3.3. O
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By injecting the K -rough path constructed in Theorem 3.10 into the general well-
posedness statement of Theorem 2.11, we immediately derive the following spatial
equivalent of Definition 3.4.

Definition 3.11 Let p be the weight given by p(x) := pi(x). Let H € (0, 1) be a
vector of Hurst parameters such that

4
d-3<H<d-1 (3.30)

Besides, fix @ < 0 such that —% < o < H —d, as well as an arbitrary time horizon

T > 0 and an initial condition ¥ € L% (R?). Then, using the notations of Theorem
2.11 and Theorem 3.10, we call u := ®X.7 (W, ) the renormalized Stratonovich
solution of equation (1.1), with initial condition . In particular, u is the (almost
sure) limit, in L ([0, T'] x RY), of the sequence (u"),>1 of classical solutions of the

equation

n_1 n nyn _ M) n d
B,nu =5Au" +u" W i’ tel0,T], x € RY, 331)
uh(x) = ¥ (x).

In a similar way to Proposition 3.8 (and using similar proof arguments), we can

finally show that the constant c;n;_l in (3.28) adopts a specific behaviour when H =

d—1.

Proposition 3.12 In the setting of Theorem 3.10, assume that H = d — 1. Then, as n
tends to infinity, it holds that

Wy =n-Ca+0(), (3.32)

for some constant Cy independent of p and K.

Remark 3.13 Observe that the assumptions in Theorem 3.10 (or Definition 3.11) and
in Proposition 3.12 cover the case where d = 2 and H| = Hy = % . In other words,
these results encompass the situation where Wisa spatial white noise on R?.

4 Proof of Theorem 3.3

This section is devoted to the proof of Theorem 3.3, that is to the construction of
the (o, K)-rough path W at the basis of the Stratonovich interpretation of the model
(along Definition 3.4).

Therefore, from now on and for the rest of the section, we fix a mollifier p, some
Hurst indexes Hy, H, and a parameter o such that the assumptions in Theorem 3.3
are all met.
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We recall that the convenient notation Nz, g has been introduced in (3.6), and that
we have set ¢y H 1= cH,CH, Where cy, and cy are defined by (1.4). For further ref-
erence, let us label the following covariance formulas, which immediately generalize
(1.3) in the regularized setting.

Lemma 4.1 Let W" be the smoothed noise defined by (3.1) and recall that the kernel
K is defined by (2.12). For every fixed n > 1, the families {W"(t, y); (¢, y) € R¢t1}
and {K x W"(z, y); (1, v) € R are centered Gaussian processes with respective
covariance functions given by the formulas

E[W" (L, W' (@, 9] = chyn /,; A1 | Fpu (1, ) PNty a0, §)e! D607,
“4.1)

and

E[(K % W")(t, y)(K * W7, §)]

= Chon /R L. HE|F o )PIFK G, )P Nito m (4, £)e! HImDHEO=I - (4.2)

Just as in [3, Corollary 3.5], the proof of Theorem 3.3 essentially relies on suitable
moments estimates (see Proposition 4.4 and Proposition 4.8 below). The transition
from these estimates to the desired convergence property will then go through the fol-
lowing multiparametric and distributional version of the Garsia—Rodemich—Rumsey
Lemma. Observe that this kind of property is one of the key technical ingredients in
the theory of regularity structures.

Lemma 4.2 (Multiparametric G-R-R lemma) Fix a regularity parameter B sitting in
(—(d+1),0), as well as a weight w on RY. Then there exists a finite set W of functions
in C2E@HD (R with support in B (0, 1) such that the following property holds true:
assume that ¢ : R4t — D/Z( d+1) (R4 is a map with increments of the form

Cox = Gy = Y105, ) — 070 )1 - £

i=1

for some 0t e CH(RITYY with w € [0, min(1, —B)), and some distributions > €
Cg (R vwhere we recall that the spaces Cf) are introduced in Definition 2.3. Then
forevery T > 0, one has

121 g7 2
n
< sup sup sup n(B+1) (8s.x5 w;w”
VeV n=0 (s, 0)eALN([—(T+2), T+2]xRY) w(x)
+ Y 102wl g2, - 43)
i=1,...r
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where the discrete set A7} is defined by Al = {27k, 27"
ki,...,27"kq); ko, ki, ..., kq € Z}, and where norms for ! and{ﬁ’i are respectively
given in Definitions 2.2 and 2.5. For the sake of clarity, we have also used the standard
notation ¢ . 1= SSZ’;’I Y in the right-hand side of (4.3).

Proof 1Tt is a mere “weighted” adaptation of the arguments of the proof of [3, Lemma
3.2] (which was itself an adaptation of the arguments in [5, Section 3]). For the sake
of conciseness, we leave the details behind this slight adaptation as an exercise to the
reader. O

As a last preliminary step, we also label the following elementary property for
further use:

Lemma 4.3 Recall that the sets IS’I5 are given by (2.10). Let {r be a generic element of
Bg(dH) and for all Hy € (0, 1), H € (0, D4, consider the function NHO,H introduced
in (3.6). Then it holds that

f ., AME Nigg 0, )| F 0. 8)| < oo, (44)
R
In the above lemma, note that our choice of ¢ € Bg(dﬂ) guarantees strong inte-

grability properties for 7, which are the keys to show that the integral in (4.4) is
indeed finite.

4.1 Moment estimate for the first component

In this section we will bound the covariance of W" considered as an element of a space
of the form C%, where « satisfies (3.10).

Proposition4.4 Forall¢ > 0,n > m > 0, ¥ € B2V and (s, x) € R+ it holds
that

]E[|(Wn _ Wm’ wf’xﬂz] 5 22[(d+2—(2H0+H)+8)2—m8’ (45)

where the proportional constant in < does not depend on n,m, £, s, x and where we
—L
recall that we have set ¢ . == S? .

Proof We have by definition

E[(W", y! )] = f dtdydidy v{ (6, Yl E HE[W" (1, )W (E ).

RA+1 Rd+1

Therefore using the covariance formula (4.1) together with the definition (2.1) of
Fourier transform, we get
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BV L] = G [ drdydids ve (1, UL, G 9)
RzHlX]RdJrl
% fR dAdE | Fpa G 5P Ny, £yl HDHEOT)

= Chion fR o AME | F o )P | F YL G &) Nt m G, ).
4.6)

We now recall that p,, is a rescaled version of the mollifier given by (3.1), and we have

alsoset ¢, = Sfyxl ¥ in the right-hand side of (4.3). Hence we obtain
E[(W", vy 7]
- - - Y
=l /Rdﬂ drdg | Fp272" 0, 27 8) | Fy 2720, 275) "Ny u(r, §). (4.7)

We now perform the elementary change of variables A := 272 and & := 27,
which yields

E[(W", v{.)’]
= gy 22D A . EIFp @700 27O P FY (0 6) Nty . §).
(4.8)

Thanks to (3.2), applied with 79 = --- = t; = 0, the Fourier transform of p is
uniformly bounded. Hence we end up with

E[(W”, wf)x>2] § 22((d+2—(2H0+H)) /l;d-H d)\.dé |fw()\., é)‘zNHO‘H()\., é) (49)

According to Lemma 4.3 the latter integral is finite, which gives our claim (4.5) for
m = 0. The general case m > 0 can then be derived along similar estimates, invoking
the fact that Fp is a Lipschitz function [see Assumption (p)]. O

4.2 Moment estimate for the second component

Let us start with two useful estimates on the Fourier transforms of the (fixed) compo-
nents (K, R) in the decomposition of the heat kernel [see relation (2.11)].

Lemma4.5 Let K be the localized heat kernel of Definition 2.6. For all fixed
ap, di, ..., aq € [0, 1] such that Z?:() a; < 1, one has, for every (1, &) € Ré+

d
IFKOL &S o [ ] 1&1.

i=1
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Proof Using the expansion of K in (2.12) and recalling the definition (2.9) of Sf
we can first write

X
FK(\ &) = Z 27X FK (27, 27%). (4.10)

>0
Then, since K is a smooth compactly-supported function, one has |FKo(%, §)| <

|A7™ and |FKo(A, &) < |&|77 forall o, 71,...,7¢ > O and (A, &) € RN
Plugging this information into (4.10), and using the fact that Z?:O ai <1, we get

| FKG.6)] <Y 27| FKo@ 720,276 .. |[FKo@ > h, 27 ) [

£>0
d d
- —2a; —26(1— - —2a;
5 |)L| (101_[|§i| a, 22 L(1—(ap+a1+ +dd))§ |)\4| a()l_[|$i| a,’
i=1 £>0 i=1
which finishes our proof. O

We now turn to a bound concerning the function R involved in the decomposition
(2.12).

Lemma 4.6 Let R be the remainder term associated with the localized heat kernel K
(along Definition 2.6). Then, for all fixed ag, a1, ..., aq > 0 such that Z?:o a; > 1,
one has, for every (1, £) € R4+

d
IFROLE!S I [T 1&172 . (.11

i=1

As a consequence, if Hy € (0,1),H = (Hy, ..., Hy) € (0, D4 are such that 2Hp +
H < d+ 1, the following relation holds true for the function Ny, u defined by (3.6):

/Rd+. drdE Ny u(h, €)|FR(, £)| < oo. (4.12)

Proof Using the expansion of R in (2.12) and relation (2.9) for Sf we can first write

X
FR(, &) =) 2% FKo(2*2, 2%).
>0

Then, similarly to what we did in the proof of Lemma 4.5, we invoke the bound
|[FKo(x, )] S A7 and [FKo(A, &) S |&[77 for all 79, 71,...,74 > 0 and
A, 6) € R4+1 We deduce that for any ao, ...,aq > 0 such that Zflzo a; > 1 we
have

IFROL )| <Y 22| FKo(@21, 2%)| /Y | FKo @20, 2) VT
>0
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d d

< |A| =90 l_[ |é_~i|—2&i Z 92t(1—(ao+ai+-+aq)) < |A| 90 l_[ |§i|—20i.

i=1 £>0 i=1

This proves the assertion (4.11).

We now turn to a bound on the integral introduced in (4.12). To this aim, we split
the integral according to the region Dy defined below by (6.3) and we recall that
R = p — K, which yields

fﬂw drdE Ny u(h, €)|FRO, )| S UD drdE Ny q(h, €)| Fp(h, §)|

+/ dAdSNHO,H(A,S)VK(A,é)!] +/ drdE Ny q(h, €)|FR(, £)|
D, Rd+l\pﬁ
(4.13)

Next, taking into account expression (6.1) for the Fourier transform of p, the integral

/ drdg Nigy 1 On )| Fp(., £)|

s

in (4.13) is (essentially) the same as in the right-hand side of (3.8). We have already
shown that this integral is finite in the proof of Lemma 3.2 [see (6.8) and (6.9)]. In
addition, one can bound |FK (A, £)| by a constant thanks to Lemma 4.5, in order to
get

/D Nrpu(h, )| FK (1, §)| drdg 5/2) drdE Ny u(r, &) < 00.

Eventually, the finiteness of fRdH\DB drdg Ny, u(r, )| FR(X, )| can be easily
derived from relation (4.11). Plugging the information above into (4.13), this com-
pletes the proof of our claim (4.12). O

As we will see in the sequel, the renormalization procedure for W2" is based on
the following decomposition.

Lemma 4.7 Let W>" be the increment given by (3.3), and recall that the renormal-
ization constant cgf)HO’H is defined by (3.12). Then for all (s, x), (t, y) € Rt and
n > 1, one has the decomposition

E[W22 (0] = ¢+ E0 (), 4.14)
Jfor some function E . such that, for every ¢ € (0, 1), £ > 0 and ¥ € Bﬁ we have
|(5;1,x7 Wf,x)| < Q2U(1+d—QHo+H)+e) 4.15)

Moreover, in relation (4.15) the proportional constant does not depend onn, £, s, x.
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Proof With the definition (3.3) of W2” in mind, we can obviously write

E[W2I(t 0] = ) m + 00 9),
as stated in (4.14), where we have simply set

EN(t,y) = {IE[(K s« W@, )W (1, )] — c;’f},oyH} —E[(K * W")(s, )W, y)].
(4.16)

We now analyze the terms
Q"(s,x:t,y) =E[(K * W")(s, x)W"(t, )] (4.17)

in the right-hand side of (4.16). To this aim, we resort to a slight variation on (4.1)
and (4.2), which enables to write that for all (s, x), (¢, y) € R4*!

Q"(s.xit,y) =chu f |F on (ke )P Natg (1, §) FK (1, §)e' =98 0= gy e
’ Rd+1

Based on this expression, and along the same lines as for (4.6), one gets on the one
hand

/ dtdy Q" (s, x; 1, VYL (1, y)
Rd+1

= i /R ., A& 1 pa o, E)*Nupu(h E)FK O, ) Fifrg (1, &).

Hence owing to the fact that wé,o = Sg;f’tﬁ and performing the change of variable
=272 8 =274, we get

‘/ dtdy Q"(s,x:z,y)wf,x(t,y)'
RJH

_ 2 20(d+2—Q2Hy+H))
= ChyH 2

/ . dodt |F 00 220, 256) P N (0, §)FK 220, 2°) Fyr (0, ©) .
Rd+

At this point, observe that due to the assumption 2Hy + H < d + 1, we can pick
ap, ai, ..., aqin[0, 1]suchthatZ§i=0 a;i = 1—¢e,2Hp+ap—1 < land2H; +2a;—1 <
1fori =1,...,d. We can now apply Lemma 4.5 with this set of parameters to deduce
that

‘/ dtdy Q"(s,x;r,wa,x(r,y)‘
Rd+l

S 22E(d+1—(2H0+H)+s) /

d
1 1
R+ dhds |A[2Ho+ao=1 ,11 |&; |2 Hit2ai—1 9. ).

(4.18)
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Since 2Hy +ap < 2 and 2H; + 2a; < 2fori = 1,...,d, we can finally appeal to
Lemma 4.3 to assert that the latter integral is finite, which gives the desired bound for
the second term in the right-hand side of (4.16).

Then, for the treatment of the difference into brackets in (4.16), let us separate the
twocases2Hy+ H <d+1land2Hy+ H =d + 1.

First case: 2Hy + H < d + 1 In this situation, going back to the definition (3.8) of
Jp, Hy,H> Observe that the renormalization constant can also be expressed as

= [ 1FoaosE)PN O E)F pG. ) dide,
Rd+!1

and accordingly

Q"(t.yit.y) =y w=—Chom fR o VF0u O O Nty G ) F RO, ) dAds

where R stands for the remainder term in the decomposition of Definition 2.6, item
(i). Invoking the inequality |Fp, (X, &)| < 1 and the result of (4.12), we get

0"(t, yit,y) — ch)Ho,H <1< 225(1er*(QlLloJrH)Jrs)7 (4.19)

where the last inequality naturally stems from the fact that 2Hy + H < d + 1.

Second case: 2Hy + H = d + 1 Let us recall that in this situation,

e H = Cho / \Fp(h, )PF ph, ©)N g m (. €) didg.
' [A+|€2>2-2n

In fact, using the relation 2Hy + H = d + 1, it is not hard to check that we can recast
the above quantity as

o = Cho / | on (s ) PF p G, )Ny (A, £) ddE,
[A[+1£12=1
and accordingly

Q"(t.yit.y) — ey w=chon /| . Fpn s OPNityn(h YFK G, 6) didé
A&7 =<

~Gn [ eGP N OF RO did.
[Al+1€12>1
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Using the results of Lemmas 4.5 and 4.6, as well as the uniform estimate | F p, (A, §)| <
1, we thus get

0" yit ) =y

< f N HO, §) dAdE + f NouOe, §)IFR(, E)|drde < 1 < 225,
[Al+]E12<1 [Al+]E12>1
(4.20)

which corresponds to the desired bound in this case.
We can now conclude our proof: combining (4.18), (4.19) and (4.20) with (4.16),
we immediately obtain (4.15). O

We turn to a bound on the variance of the renormalized K -rough path wr.

Proposition 4.8 Let W”. be the renormalized K -rough path defined by (3.11), where
we recall that W" := (W", W) and W?" is introduced in (3.3). Then for all £ > 0,
n>m>0 v e B (5. x) e R and e € (0, 1), it holds that

E[HW?:; o Wz,m w@ )|2] 5 24((1+d7(2H0+H)+£)27m8’ (421)

s, x 0 Psx

where the proportional constant in (4.21) does not depend onn,m, £, s, x.

Proof For the sake of conciseness, we will only focus on the case m = 0, i.e. we will
show the uniform estimate

]E[HWZ,IZ wz >|2] 5 24€(1+d—(2H0+H)+8).

$,X° Ys,x

The proof in the general case m > 0 could in fact be obtained through elementary
adaptations of the subsequent estimates, using the fact that Fp is Lipschitz (see e.g.
the arguments in the proof of [3, Proposition 3.3] for more details on the transition
fromm = 0tom > 0).

Observe first that due to Wick’s formula for products of Gaussian random variables
[and using the notation of (3.3)], we can write

E[(W2, ¢t )] = f f drdydids ¢&  (t, WL (T, )
R’H'l XRd-H
E[Z} (6, W (t, NI} (F V(T )]
2, 2 , ,
= (E[WEL] vi))” + Uy + V0,
where we have set
wr= [ ddydid§5 L (1, ) BT 6 DI G HE[W" (1 )W, )]

Rd+| X]Rd+l

and

vir= [[ dedydid5 vt (1 )t G HE[TE (1 WG 5 E[W" (¢ NI ).
RA+1 5 R+
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Based on this decomposition, we get that

E[|(W2r, wf,mz] E[(W2 — ¢ ws Vo)1)
= ((E[W2I] vl ) + Ul + Vir = 2B[W2L ] N i V) + (o V)
= (W] = o V) + UG+ V1

= ([Er vl + Ul + VL

where we have used Lemma 4.7 (and the notation therein) to derive the last identity.
Owing to (4.15), our claim (4.21) is thus reduced to check that

}usey,;l‘ 5 24[(1+d—(2H0+H)+8) and |Vs£:;l’ SJ 24[(1+d—(2H0+H)+8). (422)

The remainder of the proof is devoted to prove (4.22).
To this end, recall that IS", . 1s defined by (3.4), which, together with relation (4.2),
yields

E[Z} (6, T} (7, )] = ¢y /R oy PAENF a0 E)FIFK G, ) Nty m (2, 6)
[/ HE=DHEG=T) _ G- +6:0-0) _ pOG=D+EG=) 4 ]
Combining this expression with formula (4.1) for E[W" (¢, y)W" (7, 7)], we easily
deduce that
U = cliym / /R s AHAEBAELF pr G ©)PIF 0 B &P IFK G P Nty 11 (s )Nty 1 G )
[P0 0406+ B = FUl G+ T 6 +DFYL (L Be dren
— FYL O R+ DFUL GBS 4| Fyl 0]
= Chiym / /R st gans PMAEAAAE | F 0 G P puh DIPIFK G &) Nty s )Ny 1 G 6)
[[F 0600+ 7.6 + B = Fudo+i 6 +HF oG 5
— FUbot+ 1.6+ HFUS o B + [Fu o0 )]
~clon [ /R sy AAELRAE 1P, 6O PIF B EPIFK (o P Nty )N )

|FU o0+ 7.8 +8) = Ful 0. I (4.23)
Along similar arguments, we obtain first

en _ 4
Vi = Chon

f f}R P drdEdAdE | Fpy (h, &)1 F pu s )P FK (0, E)FK (b E) Nty u (hs )Ny u G, £)

[FU o+ 2. & +8) — FUl g O[FYG 00+ A & + &) — Fyg (. 6]
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and we can now apply Cauchy-Schwarz inequality to derive the estimate
Vii] = chom / /R st s PPAEDAE | F pn O O IF o G HPIFK O )Nty 1 0 Nt 1 0 §)
[Fus o+ 5 +8) - Fyd DI (4.24)

Combining (4.23)—(4.24) with the uniform bound |Fp, (%, &)] < 1, we have thus
shown that uniformly in (s, x) € R¢*! and n > 1 the following holds true:

ulbr + i < st (4.25)

where the quantity S* is given by

s =chon [ drdEdIdE |FK (h. &) PNigy . §)N iy m . E)
RAd+1 Rd+1

x : =02
X |FG ok + 4. & + &) — Fug (1. 6|
Moreover, an easy scaling argument performed on ngﬁo = S&ZOI// shows that

St = ¢l g 2Md+I- Q)
o :

where
St ://RM . drdEdidE | FK (2%x, 2°6) PNy u (h, E)Nwym (1, E)
X |FYOo.+i e +E —Fy@, . (4.26)

Plugging this information into (4.25) and then (4.22) we are now reduced to show that
for any € € (0, 1) we have

St < p4tl-e), (4.27)
We shall prove assertion (4.27) in the next subsection. O

4.3 Proof of (4.27)

Let us start by highlighting a few inequalities satisfied by (Hp, H), that will serve
us later in the proof. First, observe that due to (3.9) and H < d, one has d + % <
2Ho + H < 2Hy + d, and so one has necessarily

1
H —. 4.28
0> 7 (4.28)
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Likewise, it holds that d + % <2Hy+ H <2Hy+ Hy + (d — 1), and so
3
2Hy + H; > E’ (4.29)
while for d > 2, one has d + % <2Hy+ Hy + Hy + (d — 2), and so
5
2Hy + H, + Hp > 5 (4.30)

Besides, for obvious symmetry reasons in both expression (4.26) of S and condition
(3.9) on H, we can and will assume in the sequel that Hy < Hy < ... < Hy. Asa
consequence of this assumption, we get that ford > 3andi > 3,d + % <2Hy+H <
2Hy+ Hi+ Hy+ H3+ (d —3) <2+ 3H; + (d — 3), and therefore

1
H; > 2 foranyi > 3. 4.31)

With these conditions in hand, let us go back to our main purpose, that is proving
the estimate (4.27). With (4.26) in mind, our bound on S* relies on a proper control
of the difference

|Fy L+ 2, &+8) — Fy(, &)

To this aim, let us introduce some additional notation. Namely for A, A € R we set

1 d+1N 1/(d+1)
7O ) = (/ dtdy |(3$T‘luxd ¥)(t, y)l‘/ du e )
RA+1 0
(4.32)
N t u B} d+1\ 1/(d+1)
QM%) = (/ dzdy|(a;’;1nxdl//)(,,y)|’/ du/ dv =M g—th ) ’
R+ 0 0
(4.33)
andfori =1,...,d,
. Vi d+1\ 1/(d+1)
7'(1)()\,) = (/ dtdy |(al‘i?1”“w)(t’y)|‘/ dzi o ) (434)
Rd+1 0
. - i zZi - d+1\ 1/(d+1)
o0, k) = (/ dtdy|(afr?1““1//)(t,y)|’/ dZi/ dw; e~ gt )
RA+1 0 o
(4.35)

where the shortcut 8,‘fCT_1”x W refers to 9;0y, ... dx, Y. Using this notation, some ele-

mentary algebraic manipulations reveal that for all A, 2 € R and &, € in R?, we have

d
[FYO+2E+8 —FyG e +H[ S QP01 [TV E +8). 4.36)
i=1
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Along the same lines, fori =1, ..., d we also get

| FYOL &l &1, & + & i + &1y Ea + Ea)
—Fy &L E L E s L B+ E)|

i—1 d
<TOG) (1_[ T(j)(éj.)) (|§i| QD gi)) < 1_[ T + %)). (4.37)

Jj=1 j=i+1

We now point out a lemma on the functions T® and Q© which will be crucial in the
sequel.

Lemma 4.9 Fixy € C4tL (R, R) with compact support, i € {0, 1, ...,d}, and let
TD, QW be the functions defined by (4.32)—(4.35).
(1) For all By, B2 € (0, 2) such that By + B2 > 1, it holds that

®(xy1, x2)|?
/ dxids |Q (11, 2)|1 -~
R2 [y [B1=1 |xp P2~

(2) For all A1, Az € (0, 2) it holds that
/ dx; / dxs 7O+
lxi]<1 R Ixq 21— g 22—t
(3) Forall Ay > 0 and A € (0, 2) such that A1 + Ay > 3, it holds that
/ dx: / TG )
lxi]>1 R xR

Proof The result of item (1) is borrowed from [3, Lemma 3.11].
As for the proofs of items (2) and (3), they both rely on the readily-checked bound

; 1
TOW? < :
TEOF S T

For (2), we have

TO ) +x2)) 1 1
_/ dx1/dx2 | )\(71l )‘2)7l1 5/ dx1/dx2 F RS YRy 2
Ixi|<1 R [xq [417H g |2 )<t R [ 1= o %270 1+ [xg + X2

</ dx| / dx, +/ dx / dx, - o
~ D= T Jg <o Il e k2T s a2t
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As for (3), we can first write

[T (xy + x2)|?
dx; | dxp v T "
Ixi]>1 R [xp M~ xp|2
1 1 1
</ dxl/ dxy ——— +/ dxlf dxs .
|1 lal<) lxp P g 22—t s Il ) = ag 2= 1 4 Jxp + xo?

The first integral is clearly finite. Then decompose the second integral as

1 1
dX1/ dXQ
/|x1|>l izt T R 4 g 4 xof?
/ J / d 1 1
= X1 X2 — _
mizl Jhsolsbmnuinzdmy T e 4 xf?

1 1
+ / dx, / dx (4.38)
mizt iz T T 4 b+ xf?

Now, on the one hand, note that if 1 < |x2| < $|xi| or [x2| > 3|x;], then [x1 +xo| >
max £ (|x1], |x2]), and so, for any B € [0, 1]

1 1
/ dx1/ dxy s 2
lx1]>1 (<ol anulic=3my T 270 T4 x4 o

< / o f e (4.39)
T e P N b e :

Due to the assumption A1 + Ay > 3, we can obviously write A; + Ay > 2 + ¢
for any small ¢ > 0, and from here we can pick 8 := kz—z — % e [0, 1], so that
Mm+21-p)—1=14+e>1land A +28—-—1=Xi;4+Ay—e—1> 1.Forsucha
value of g, both integrals in (4.39) are thus finite.

On the other hand, we can write

1 1
dx1/ dxy
/mzl Yalsbal=dal T 2 T4 b 4 ?

1 1
= dxy x1/ dr
/IX1|>1 Iapi<d PP PRe2ram b L 4 o [2(1 4 )2

2
</ dx / dr
T iz PR g (L0t

Using the assumption A1 + Ay > 3, we can pick ¢ > 0 small enough such that
A1l 4+ A2 — 2 — e > 1, which shows that the above quantity is finite. Going back to
(4.38), this achieves the proof of item (3). O
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With those notations and preliminary results in hand, let us go back to (4.26).
Invoking (4.36) and (4.37), our claim (4.27) amounts to show that

b= f / drdgdidE | FK (2%2, 2°8) P Nuy u(h, )Ny u(x, €)
Rd+l XRd+1

d
« <|)»|2Q(0) (, 5\)2) 1_[ (T(i)(éi + gi)>2 < 2—46(1—5)7 (4.40)

=

and that for every fixedi = 1, ..., d, we have
- o~ ~ o~ ~\2
= ([ . @EdRaE PR Q52 PNy N ) (T D)
RA+1  Rd+1

xﬁ(ﬂ”(én)z (160" @ &)?) i (19 +8)° g4,
j=I =i+l

4.41)

To establish these bounds, we will split the integration domain for the variables
A, & along

={LeR:|A| <1} and Dy :={rAeR: x| >1},

that is we set, for every s € {—, +}*!, Dy = 1"[2=o Dy, , and then consider
- // » AAdETAE | FK (220, 2 6) 2N o u O )N 1 G )
Dg xR

x (112Q0 G, 3)%) ]i[ (T +&) ) . (4.42)

i=1

For every fixedi =1, ..., d, we also set
gt [[ | drdsdiaf IFK Q2O NG N (B (TOD)
szRd“

TT(EO@E) (8re96.87) TT (9 +E)- @8
=1

j=itl

It is clear that (4.40) and (4.41) will hold true if we can show that for every s €
{_7 +}d+l ]

t780,( 5 274@(176‘) and ﬂ,( 5 274@(176‘)' (444)

We will now treat the two integrals (4.42) and (4.43) separately.

Bound on (4.42) Let s € {—, +}¢*! be fixed. We can apply Lemma 4.5 and recall
the definition (3.6) of NV, Ho,H in order to assert that for all ag, ay, ..., aq € [0, 1] such

@ Springer



850 Stoch PDE: Anal Comp (2021) 9:819-866

that ap + aj + ... 4+ ag < 1, the integral in (4.42) is bounded (up to a constant) by

0 732
p~4t(aotar+...+aq) Iads. QOG, )
Dyy xR |)L|(2“0+2H0*2)*1 |)~L|2H071

d . -
~ T (& 32
i=1 YD xR |&; 42— | g |2Hi =1
The whole point now is that we can find parameters ao, ai, ..., aq € [0, 1] such that

ap+aj +...4+ag = 1 —¢ and such that the integrals involved in the above expression
are all finite. In order to justify this claim, we can refer to Lemma 4.9. According
to this property, the first integral in (4.45) is finite whenever 2ay + 2Hy > 3 — 2Hj
and 2ag + 2Hy < 4. Moreover, since 0 < ag < 1, we have 2Hy < 2a0 + 2Hy <
2 4+ 2Hjy < 4. Summarizing those elementary considerations and similar ones for the
second integral in (4.45), we get that (4.45) is a finite expression as long as

max(2Hy, 3 — 2Hp) < 2ap +2Hy < 2+ 2H)y
2H; <4a; +2H; <2 fori e {i e{l,..., d}:si=—}
3 —2H; <4a; +2H; <4+ 2H; fori ef{i e{l,..., d}:si =+}.

(4.46)

Provided (4.46) is met and ag + a; + ... + aq = 1 — &, we thus have that the
expression (4.45) is bounded, up to a constant, by 27*¢(1=8) This proves (4.40).

We now show that the above-reported conditions can indeed be fulfilled under our
standing assumptions. In fact,
(i) Since Hy > 4—1‘ [see (4.28)], the first condition in (4.46) is easily shown to be satisfied
for some values of ag € (0, 1).
(i) The conditions (4.46) can also be made consistent with the desired assumption
Zf’lzo ai = 1 — e for € > 0. In order to verify this assertion, sum the constraints in
(4.46). This yields

d
AQ <2Q2ag+2Ho) + Y _(4a; +2H;) < BY. (4.47)

i=1

with two parameters Ag, Bg defined by
AQ:=2max(2Ho,3—2Ho)+2 »  Hi+ » (3—2H)
i=1,...d i=1,....d

B =202 +2Ho) +2|i € {l,....d}: s ==} + Y (4+2H). (448)

i=l1,....d
Si=+
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We now resort to the assumption Z?:o a; = 1 — e. Recalling our notation H =
Zf-lzl H;, we end up with the condition

A < 4(1 — ) +2(2Hy+ H) < BY. (4.49)

In order to see that these two inequalities are indeed satisfied (at least for ¢ > 0 small
enough), observe first that

Bl =2Q2+2Ho) +2d+2 Y (1+H)>4+2QH+d) > 4+2Q2Hy + H),
i=l,..., d

where the last inequality immediately follows from the trivial bound H < d.
As for the first inequality in (4.49), note that

A) <2max(2Ho,3 —2Ho)+2 Y Hi+ Y (3—2H)
i d i d

i=l,..., i=1,...,

< 2max(2Ho, 3 — 2Hp) + Y _ max(2H;, 3 — 2H;)
i=1

<2max(2,3 — 2Hp) + max(2,3 — 2H;) + max(2,3 — 2Hy) 1452 + 2(d — 2) 1452, (4.50)

where we have used the observation (4.31) to derive the last inequality. The following
table collects the possible values of the bound in (4.50), depending on Hy, H, H>
(remember that H; < Hj):

Hy H) H, Al ford =1 Alford > 2

o, %1 (©. %1 ©. 4] <9—2Q2Hy + Hy) <2d+8—2Q2Hy + H| + Hy)
(0, ?] (0,7] (%,1) <9—2(2Hy + Hy) <2d+7—-2Q2Hy+ Hy)

©, 11 (5.1 (3.1 <8—4H, <2d+6—4H,

<%, 1) 0, %1 0,11 <7-2H <2d +6 —2(H + Ha)

(? 1) O i] (%,l) <7-2H; <2d+5-2H;

(.1 (3.1 (3.1 <6 <2d+4

Based on these values, and using the three conditions (4.28)—(4.29)—(4.30), we can
easily conclude that

A <2d +5<4+20Q2Hy+ H),
where the last bound is derived from the assumption 2Hy + H > d + %
We have thus checked that (4.49) holds true, and this completes the proof of the
desired estimate

VAR AR (4.51)
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Bound on (4.43) Let us fix s € {—, +}%*! and i € {1, ..., d}. In order to bound js'-’ﬂ,
we proceed similarly to (4.45). Namely we apply Lemma 4.5 to assert that for all
ap, ai, ...,aq €[0,1]suchthatag +a;+ ... +aq < 1,

Jl',f < 2—4@(a0+a1+...+ad) d—)\‘
s~ D |)\’|2a0+2H0*1

S0

- TOG? o . T(”(ér)z)

d)\. P E—— d r T~ o~ .

</R |)»|2H0_1)r1:[1</R : |&,|2Hr—1
i—1

k
<I1 (/D & [P 2 1)

k=1

@)
x< d& £ QW (&, &)? )

|€: |(4a,+2H —2)— 1|;>_- |2H—1

d . TV, +E,)
dé,d PP ) 4.52
pg-l (/D %_p %_p |é—p|4ap+2Hp—l|§p|2Hp—l ( )

sp X

where we recall that D_ :=[—1, 1] and D4 := R\[—1, 1].

Based on the criteria of Lemma 4.9, we get the following conditions on the param-
eters agp, a1, . . . , aq (so as to ensure that the integrals in (4.52) are all finite, and also
that each a; belongs to (0, 1)):

2Hy < 2ag+2Hy < 2 if so = —

2 <2a9+2Hy <2+ 2H) if sp = +

2H, < 4dap +2H, <2 forkef{ke{l,...,i —1}: s = —}

2 <4ay +2H, <4+ 2H; forke{ke{l,...,i —1}: s =+}

max(2H;,3 —2H;) < 4a; +2H; < 4

2H, <4ap +2H, <2 forpe{peli+1,...,d}:s,=—}

3—2H, <4a,+2H, <4+2H, forpe{peli+1l,...,d}:s,=+}
(4.53)

As in the proof of (4.40), we still have to verify that the parameters ao, ..., a4 can

be chosen so that ZZIO ay = 1 —e¢.To this aim, we use the same strategy as for (4.46).
Namely we sum all the constraints in (4.53), which yields the following condition:

AL < 4(1 — &) +2QHy + H) < B, (4.54)

with two parameters AL, B! defined by
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Al = 4{Hy1gy=— + 1=y} +2 Z He+2lfke(l,....i—1}: s¢ =+

+ max(2H;, 3 — 2H;) +2 Z Hy+ > (3 —2H,), (4.55)
p=i+l1,..., p=i+1,.
Sp=— Sp= =4
Bl = 4{1g—— + (1 + Ho)lg—i} + 2|k € {1, ..., i—D:isc=-)+ )  @4+2H)
k=1,....i—1
sk=+

+4+2peli+l,..., dy:sp==)+ Y (4+2H)).

p=i+1,...d
Sp=-=+

In order to see that Aé <44 2(2Hy + H), observe first that

d
AL <4420 — 1)+ Y max(2H,, 3 — 2H,). (4.56)
q=i

Let us recall that, by (4.31), one has H, > % for g > 3, and so the above bound yields,
fori > 3,

Al <4426 —1)+2(d—i+1)=442d <3+2Q2Hy+ H),

where we have used the assumption d + % < 2Hp + H to derive the last inequality.
Then, using again (4.56), we have

A2 < 6+ max(2H,, 3 — 2Ha) 4 2(d —2) = 2+ 2d + max(2H,, 3 — 2Ha)
<5+42d <4+2Q2Hy + H),

where we have again used the assumption d + % < 2Hy + H to derive the last
inequality.
As for Aé, we get by (4.56) that

Ay <4+ max(2Hy, 3 — 2H)) + max(2Hy, 3 — 2H) + 2(d — 2)
< 2d +max(2,3 —2H;) + max(2,3 — 2H>)
<2d +max(4,5 — 2H,5 — 2Hy, 6 — 2(Hy + Hy))
<5+2d <4+2QHy+ H),

where we have used (4.30) to get the fourth inequality.
This completes the proof of the first inequality in (4.54).
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For the second inequality (i.e., 4(1 — &) + 2(2Hy + H) < Bl), let us write B! as

Bl =M1gy- + (14 H)lg=t ) +2G —D+2 Y (1+ Hy)

+442d-D+2 Y (1+Hy)
p=i+l,...d
sp=+
=2d+24 41— + (1 + H)lg=t }+2 Y, (+HO+2 Y (1+H)),
k=1,....i—1 p=i+l,...d
sk=+ sp=+

and from here it is clear that

Bl > 6+2d >4+42Q2Hy + H),
where the last inequality stems from the assumption 2Hy + H < d + 1.

We have thus checked that (4.54) holds true, and this completes the proof of the
desired estimate: foreveryi = 1,...,d,

Jit < pmad=e), (4.57)

The combination of (4.51) and (4.57) precisely corresponds to (4.44), and accord-
ingly the proof of (4.27) is achieved.

4.4 Conclusion: proof of Theorem 3.3

Let us now see how we can use the moments estimates of Propositions 4.4 and 4.8 in
order to prove the desired convergence (3.13).

First, by applying Lemma 4.2 to a constant distribution g , 1= W™ — W™ (which
means that ' = CW = 0in Lemma 4.2), we get that forevery k, p > 1,

[ — Wm,sg’;‘wﬁf’]

w(x)2P

[E[” W —wn ”Zpk w] < E[ sup sup sup 22tpe
” YeW €20 (5 x)e AL N([—(k+2).k+2]xR4)

<Yy 3 J2tpa BV = W’",zf%;éwﬂ] ,
w(x)

VeV 20 (5, x)eAf N([—(k+2).k+2]xRY)

Furthermore, W — W™ is a Gaussian process. Therefore we have

o E[[(W" — W, 82y PP
EI:” wr—wr ”iz:)k,w:l ’S Z Z Z 22[1)0[ [ w(x)zps,x ]

VEW 20 (5,x)e Al N([—(k+2).k+2]xRY)

< pmmep Z 92p(a+d+2—(2Ho+H)+e) Z w(x) 2P, (4.58)

£20 (5,0) €A N([—(k+2),k+2]xRd)

where the last inequality follows from Proposition 4.4 and the fact that W is a finite
set.

@ Springer



Stoch PDE: Anal Comp (2021) 9:819-866 855

At this point, observe that

Z w(x)"F = < Z 1{—(k+2)§q02*2“§k+2}>< Z (1 +274|4|)72Kp>

(5,X)€AS N([—(k+2),k+2]xRd) q0EZ qezd

SZZ[k{1+22K(p Z |q|—2‘(p}.
qeZ\(0}

Owing to our assumption « < —(d + 2) + (2Hy + H), we can pick ¢ > 0 small
enough such that 8 := —a — (d + 2) + (2Hp + H) — ¢ > 0. Going back to (4.58),
we have obtained that for every k, p > 1,

IE[” Wt — ”(X i w] < k2—mspz {2—2e(ﬂp—|) 10 2U(B=)p=1) Z ‘ql—ZKp}‘
£=0 geZ4\{0}

(4.59)

Without loss of generality, we can here assume that 0 < ¥ < f. Then we can pick
p > 1 large enough so that (8 — x)p — 1 > 0 and 2« p > d, which ensures that the
sum in (4.59) is finite, and so, for every k£ > 1 and any such large p > 1,

B[ W — w2 ] s k2, (4.60)

Using similar arguments [starting from Lemma 4.2, and also leaning on (2.17)], we
can then turn the estimate of Proposition 4.8 into the bound

]E[”WZ’H w2 H2a+2 k, w] S k27, 4.61)

for every k > 1, every ¢ > 0 small enough and every p > 1 large enough.
Combining (4.60) and (4.61), we get that for all ¢ > 0 small enough and p > 1
large enough

E[dy, (W', W")?] < 27meP,

for al n > m > 1, and accordingly (W")nzl is a Cauchy sequence in

LP(; (Efw,d .w)). By Lemma 2.8, we can assert that there exists an element

We EX., satisfying
E[dy, (W, W")?P] < 27mep,

for every Pz 1 large enough The desired conclusion, that is the almost sure conver-
gence of W" to W in (5 , dy.y), immediately follows from Borel-Cantelli lemma.
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5 Proof of Theorem 3.10

As we announced it earlier, the proof of Theorem 3.10 will in fact reduce to a review of
the few adaptations to be made with respect to the proof of Theorem 3.3. Observe first
that in this setting, identities (4.1) and (4.2) immediately give way to the following
covariance formulas:

Lemma5.1 Let W™ be the smoothed noise defined by (3.19) and recall that the kernel
K is defined by (2.12). For every fixed n > 1, the families {W"(y); y € R?} and

(K « W"(y); y € R} are centered Gaussian processes with respective covariance
functions given by the formulas

E[W"0mIW" )] = ci /R AEIF o ()P Nu(@)e' 07, 5.1
and
E[(K * WK * W ()] = ciy /R JAEIF pnE)PI PR @) P Nu(@)e' 0,
(5.2)

where the notation Ng has been introduced in (3.25) and the constant cy is the one
given in (1.4).

5.1 Moment estimate for the first component

Morally, we need to check that the result of Proposition 4.4 still holds for Hy = 1. In
a more rigorous way, one has here:

Proposition 5.2 Forall £ > 0,n>m > 0, ¥ € B2 and x € R, it holds that
]E[l(Wn _ Wm’ sz)'Z] 5 22£(d—H+8)2—m£’ (53)

where V(x) = fR ds (s, x), 1/~f£(y) = 249,24y — x)), and the proportional
constant in < does not depend onn,m, £, s, x.

Proof 1t suffices to follow the arguments of the proof of Proposition 4.4, and therein
replace identity (4.1) with the covariance formula (5.1). O

5.2 Moment estimate for the second component

The preliminary estimates on K and F R (i.e., Lemmas 4.5 and 4.6) become esti-
mates on F5K and fooo ds FSR(s,.) in the spatial setting. Just as their space-time
counterparts, these bounds follow from the analysis of the expansions contained in
(2.12).
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Lemma 5.3 Let K be the localized heat kernel of Definition 2.6, and define K along
(3.23). For all fixed ay, ...,aq € [0, 1] such that Zle a; < 1, one has, for every
£ eRY,

d
IFREI S [1E172

i=1

Lemma 5.4 Let R be the remainder term associated with the localized heat kernel K
(along Definition 2.6). Then, for all fixed a1, . .., aq > 0 such that Z;jzl a; > 1, one
has, for every & € R4t

d

o0

‘/ ds FR(s, o@‘ < T2 (5.4)
0 i=1

As a consequence, if H = (Hy, ..., Hg) € (0, D4 is such that H < d — 1, it holds

that

< 0. (5.5)

/dsNH@)'/ ds FSR(s, ) (&)
R4 0

A similar decomposition to (4.14) can also be exhibited in this time-independent
situation.

Lemma 5.5 Let W27 be the increment given by (3.21), and recall that the renormal-
ization constant CZT)H is defined by (3.28). Then for all x,y € R? and n > 1, one has
the decomposition

E[W3" (] = ¢’ + €1 (), (5.6)
for some function £} such that for all ¢ € (0,1), £ > 0and ¢ € B, we have

[(EF. )| S 22T, (5.7)

Moreover, in relation (5.7) the proportional constant does not depend on n, £, x.

Proof We mimic the proof of Lemma 4.7. First, one can of course write
E[W3" ()] = ' + EL (),
with

gl = {070y =} = 0"y and 0" y) = B[R+ WH@W 0] (5.8)
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On the one hand, using (5.1)—(5.2), and along the same lines as for (4.18), we get

‘ / dy Q”(x;yw?f(y)‘ = ey 22041
RA

/R | dé |75 00 2°6) PNH(E) FS K Q46) FS (8)).

Since H < d — 1, we can pick ay, ..., agq in [0, 1] such that Z:'i:[ a;, =1—¢and
2H; +2a; —1 < 1fori =1,...,d. Applying Lemma 5.3 with these parameters and
invoking the inequality |50, ()| < 1, we deduce

d
. N o 1 . o
‘/Rd dy 0" (x; y)wf(y)) < QA(—H-1+5) /Rd as [ BE P53 @)| < 221+,
i=1 "'

Then, to bound the difference Q" (v;y) — c;")H in (5.8), consider the two possible

situations for H.

First case: H < d — 1 In this case, going back to the definition (3.26) of 7, g, we can
write

o = 2" T, = o, /R ) |fspn<s>|2NH<s>< /0 ds Fop, (5)) ds.
5.9)

Besides, using (2.12), it holds that

fsms):/ dsfSK<s,.)(s>=/ dsfsps@)—/ ds FSR(s. ) (&),
0 0 0
(5.10)

and so, in light of (5.9),

~ (n) P 2 *

Q"(viy) —¢,u=—Cq /Rd |75 pn (8)] NH(S)(/O ds F°R(s, -)(§)>d$~
Thus, thanks to (5.5) and to the uniform estimate | F5p, (§)| < 1, we obtain

107005 ) - | 1 2 22140

Second case: H = d — 1 Due to the latter relation, it can be checked that

S =ch fﬂ 1|fspn(s>|2NH(s>( /0 dsfsps@)) dt,
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and accordingly, by (5.10),

A ()
0"(niy)—c,q

= C%I[/m 1 |75 o (8) PN (6) FSK (£) dE — /m ] s (&)PA@(&)([G ds FR(s, .>(s>> ds]v
Using the results of Lemma 5.3 and Lemma 5.4, we easily conclude that

0" (i) — ey < NH@)dH/H 1/\/;;(5)‘/0 dsfSR(s,»@)‘ds S 1< 2

lgl<1
which corresponds to the desired bound in this case. O

The spatial counterpart of the central Proposition 4.8 now takes the following
(expected) shape.

Proposition 5.6 Ler W" be the renormalized K -rough path defined in the statement of
Theorem 3.10. Then forall ¢ > 0,n > m > 0, Y € Bg(d'H), xeRlande e 0, 1),
it holds that

EI:HWfﬂ _ Wi,m’ &ZHZ] 5 24e(d—H—1+8)2—m5’ (511)

X

where the proportional constant in (5.11) does not depend onn, m, £, x.

Proof Just as in the proof of Proposition 4.8, we only focus on the proof of (5.11) for
" Es(i)ﬁg the decomposition exhibited in Lemma 5.5, we get first
E[I(W2", ¥)17] = B[W3" — 4 U0 2] = ([€0. i) + U™ + Vi,
where
= [[ sy S EET OT W ) 0)
and

W= f /R 1 DAV DE[L )W G E[W" DT (5)]

From here, and due to (5.7), the proof of (5.11) consists in checking that |L{f’"| +
[VEN| < 240d=H=1+4) In fact, we can follow line by line the arguments leading to
(4.25) [replacing of course (4.1)—(4.2) with (5.1)—(5.2)] to obtain that |Z/lf’" |+ |Vf’" | <
24d—H) Sl where

§'= //Rd L IFRQ'OPNa@©Nua®|F € +5) - FP @[ (5.12)
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Therefore, in view of (5.11), it remains us to check that for any € € (0, 1) we have
St < ptd=e), (5.13)

To this end, we can bound the difference |F 1/~/ (E+E —F 1/~/ ()| in St using the
inequalities

|Fy ... E & +E. & +Eq...., £1+£4)
- Fyr, ..., &1 & i +Eig, .. £1+ )|

i—1 d
STI796) (61006 &) ] 796 +&). i=1...4
j=1

j=i+l

where, for A, A € R, the quantities 7 (1) and Q® (1, ) are here defined by

; . vi d~ 1/d
TOM) = </Rd dy |(0y, ...axdw)(y)|‘f() dz; e~V ) ’ (5.14)
Vi Zi - d\ 1/d
oD, ) = (/ dy |3y, -‘-3xd1ﬁ)(y)|‘f) dZi/ dw; e~ g A ) ‘
R4 0 o
(5.15)

With those notations, the claim (5.13) reduces to showing that for every fixed i =
1,...,d, we have

Jil //Rd y dEdE | FK Q') P Nu(&)Nu(€)

i—1 d
19 (67 @.82) T1 (796 +E)) s2740-2),

Jj=1 j=i+l1
(5.16)

Let us again follow the pattern of the proof of Proposition 4.8 and split the integration
domain for the variables &;, ..., &5 along D_ :={A e R: |A| <1} and Dy :={A €
R : |A] = 1}. In other words, we set, for every s € {—, +}d, Dy := ]_[Z=1 Dy, , and
then consider, foreveryi =1, ...,d,

gt = / f dEdE | FR Q') PN (@) Nu )
Dgx R4
i—1 d
J1(79@) (6re¥&.8?) TT (196 +E)) .

Jj=1 j=i+1
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By applying Lemma 5.3, we can assert that for all aj,...,as € [0, 1] such that
ar+...+aq <1,
1

: TOE?\ ¢ d&
Tt < g Hlartta) (/ r ) (/ )
1_[ |%- |2H -1 x Pl Dy, |%‘k|4ak+2Hk 1

z Q0 (&, &)?
) (/Ds xR dgid5i & |(4ai+2H;=2)—1 |§z |2Hi—1 )

d

TP (&) +&p)°
1_[ (/D %_P %_P |§. |4a +2Hp—l|%- |2Hp—l>

p=itl sp xR

Based on the criteria of Lemma 4.9 [which clearly remain true for 7@ and QW
defined by (5.14)—(5.15)], we deduce the following conditionsonay, . . . , aq (to ensure
finiteness of the above integrals):

2Hy < 4day +2H, <2 fork e {ke{l,..., i—1}: s =—}
2 <4ap +2Hy <4+ 2H; forkel{kefl,..., i—1}: s =+}
max(2H;,3 —2H;) < 4a; + 2H; < 4

2H, < 4ap +2H, <2 forpe{pel{i+1,..., d}:s,=—}

3-2H, <4a,+2H, <4+2H, forpe{peli+1,....d}:s,=+}.
(5.17)

With (5.16) in mind, we need these inequalities to be also consistent with the relation
ZZ:] ar = 1 — e. The combination of these two constraints thus leads us to the
condition

Al <4(1 —¢)+2H < B, (5.18)
with two parameters A%, B! defined by

Al:=2 Z He+2lfkefl,...,i — 1} : sg = +}| + max(2H;, 3 — 2H;)

p=i+l,....d p=i+l1,....d
Sp=— sp=-+
Bi:=2ke{l,....i—1}:sg==}|+ Y (4+2Hy)
k=1,..., i—1
sk=+
+a+2{pefi+l..dy:s,==}+ D (4+2H)). (5.19)
p=i+l1,....d
Sp=-+
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Before checking (5.18), observe that due to condition (3.27), it holds that d — % <
H < H; + Hy 4+ (d — 2) (recall that d > 2), and so

1
Hi+Hy > 5. (5.20)

Besides, for symmetry reasons, we can assume (from the beginning) that H; < Hp <
. < Hy, and consequently, ford > 3 andi > 3,d — % < H < H + H, + H; +
(d —3) <3H; + (d — 3), so that

1
H; > 2 for any i > 3. (5.21)

Let us now back to the verification of (5.18). In order to see that Aé < 442H, observe
first that

d
AL <26 — 1)+ Y max(2H,, 3 - 2H,). (5.22)
q=i

By (5.21), we immmediately deduce that for i > 3, Ag <2(—-1DH+2d—-i+1)=
2d < 44 2H, where the last inequality stems from the assumption d — % < H.Then,
using again (5.22) and (5.21),

A2 <2d — 2+ max(2H,3 —2Hy) <2d + 1 < 44 2H.
Finally, for A;, we get by (5.22) and (5.21) that

A; <max(2H;,3 —2H;) + max(2H>,3 — 2H) + 2(d — 2)
<2d —4+max(2,3 —2H;) + max(2,3 — 2H»)
<2d —4+max(4,5—2H,5—-2H;,6 —2(H| + Hy)) <2d +1 <4 +2H,

where we have used (5.20) to get the fourth inequality.
For the second inequality in (5.18), let us write B as

Bi=20-1D+2 Y (I+H)+4+2d-D+2 Y (1+Hy)

k=1,....i—1 p=i+l1,...d
Sk=-+ Sp=-+
=2+2+2 Y (I+H)+2 Y (1+H)),
k=1,....i—1 p=i+1,...d
Sp=-+ Sp=-+

and now it becomes clear that Bé >2+2d>4+2H,since H <d — 1.
This completes the proof of (5.18), and accordingly the proof of (5.16) and (5.11).
O
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5.3 Conclusion: proof of Theorem 3.10

With Propositions 5.2 and 5.6 in hand, we are exactly in the same position as in
Sect. 4.4, and accordingly we can reproduce the exact same reasoning in order to
conclude.

Acknowledgements We are grateful to an anonymous reviewer for his/her careful reading of the paper and
his/her comments about it. In particular, we would like to thank him/her for drawing our attention to the
other possible approach to the renormalization issue evoked in Remark 3.7.

Appendix
Proof of Lemma 3.2

We only focus on the treatment of 7, p, g [defined in (3.8)] when2Hy+ H < d +1.
It should however be clear to the reader that the subsequent arguments could also be
used to prove the finiteness of the integral in (3.7) when 2Hy + H = d + 1.

According to the definition (2.3) of the heat kernel p and recalling that F stands
for the space-time Fourier transform, it is readily checked that for (1, &) € RI*! we
have

-1

Fpr, &) = (g+zk) . 6.1
Therefore, the integral under consideration can be bounded as
Tp.HoH < Joo + 0, (6.2)
where we consider a compact region D, of R¢+! defined by
Dei={(0, &) e R A2 48+ + 5] < 1), (6.3)

and where the quantities Joo, Jp are respectively defined by

drde .
00 = F )», _/\f )\,
7 /R"“\Ds (A2+§f‘+...+§3)1/2| P, )N Ny H(*, §)
dd .
. FoO, ) N m (. £). 6.4
o /ps (A2+gl4+...+§3)1/2| P O Ny u(2, §) (6.4)

We now proceed to the evaluation of those two terms.
In order to estimate 7o, note that (Rt1\D,) C U?:OA,-, where the regions A;
are defined by

} and A; = {(A,El,..-,éd)i £ > L

- .92
Ao.—{(l,él,...,fd).)» > i_d+1}'

d+1
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According to this decomposition we write

d
Too <Y Tncis (6.5)

where the terms Jo; can be written as

drde .
o FpO O N m(, 6). 6.6
/A,- (kz—l—%‘f‘_}_..._{_éj)l/z' o E) N u(, §) (6.6)

Let us now show how to bound J,0 above. To this aim we invoke our bound (3.2)
in two different ways. Namely we take 1o = 1, and t; = 0 if |&;| < 1, while 7; = 1 if
|€;] > 1. Together with the trivial inequality 1% + Z;-l:] éf‘ > A2, the term Joo 0 given
in (6.6) can be bounded as follows

d&; d§;
reos ([, mmet ) T, s + e <
00,0 A2> 1 |A|2H0+2 1_[ & <1 |g;-l|2H & |1 |§i|2Hi+l

= 6.7)

where the last inequality is immediate. The terms J; fori = 1,...,d in (6.6) are
handled similarly, and we omit the details for the sake of conciseness. Taking into
account the upper bound (6.5), we end up with the relation Jo, < 00.

We now turn to a bound on Jy defined by (6.4), for which we invoke (3.2) with
7, =0, foralli =0,...,d. We get

drdg
w5 [ Nt G, 6). 6.8)
DR (A2 + &) 4+ EDI2
To see that the latter integral is indeed finite, let us set éi = "g‘iz, sothat (A, &1, ...,&) €
Dy NRE if and only if (1, &1, ..., &) € BO, 1) N R, where B(0, 1) stands for

the standard Euclidean unit ball. This yields

Jo </ dkdé <li[ >NH (. é1/2 51/2)
BO.DARIT (W2 +EF+ -+ EDHI2 |A|2H0 &1/ o.H R

i=1

d 1
drdE dr
S 6.
“thmeﬁ'u2+sl -+ ﬂﬂlkﬁ% 'II|aV*’“/‘r”%+”ﬂ” ©9

where we have used spherical coordinates to derive the last inequality. The finiteness
of Jop now follows from the assumption 2Hy + H < d + 1.

Summarizing our computations, we have seen that Jy < oo and J», < 00. Recall-
ing relation (6.2), this proves our claim J, gy, q < 00.
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Proof of Proposition 3.8
Let us decompose the integral under consideration as
f |Fp O, ©)PF ph, §)Npy (., &) drdg
IA[+5 22272
-/ FpO N (h. §) drds
272 <+l <1

+f (1Fp0n ) = 1) Fp(h, )Ny 1 (1, ) dAdE + O(1). (6.10)
272 <[ |42 <1

Using a series of elementary changes of variable, we get, for some constant C g, g
that may change from line to line,

d
dads 1 1
Fp Ny ) dids = [
/2*2"sw+\s\251 ! 2 a<piep<t EE 4oy [A2H0 E & 21

0 dr r2d—2H—l
= Cy H/ dr/ B A
" Jo 22 < i 4221 %—i—z}\ |22 Ho1
/oo 00 1 1 r2d—2H—1
H dr/ dr 1y )42 1|: + :| —
0 0 s +iA %—z)\ |A|2Ho=1
0 [} r2 r2d72H71
dr dA1y-2n —
HO.H/O /0 2-2 <)»+r2<1< +)\2> |)L|2H071
s3] 0o X p2d—2H+1
d drl,_,, —_—
H/(; r/O 2-21<j24,2<] ,4 }\4 |A,|4H0
_c /Ood 12_2”§p2§1 /% de (cos 9)2!1*2[‘1‘#]
=B AP e m—2a—T )\, w50 | Gintp (sing) 3

and so, recalling that 2Hy + H = d + 1, we end up with

1 a
/ FpOh. &) Ny nh. &) dids = cHO,HU —") —Cum-n. (6.11)
2-2n<|A|+€2 <1 2-n P

On the other hand, thanks to Assumption (p)-(i)-(ii), we have
/ [Fp(h, &) = 1||Fp(h, &)[Nup.u (1. &) drde
272 <|al+g P <1

= /2 e 1|\fp<x,s>|2—|fp<0,0>|2}|fp<x,5)|NHO,H<x,s>dkds

5/ {IA + E}F PO, )| Nuo m (1, §) drdE
0<|Al+E2 <1
2d 2H—1 1
] dr/ [ P {A-I—r} T 2T

) r2d —2H-1 1
5/0 dr/o dA g2y ,2<0 MA +r}7r2+k2 AT

/ dpp3p2d -1 </ dp -
0<p2<1 P> P2 fo oy pPCHFH=2d=2

A
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where the last inequality is immediately derived from the assumption2Hy+H = d+1.
Thus,

sup
n>1

/22 AR 1{|.7:,0()»,$)|2_l}fp(x,é)NHO’H(A,E)d)\dg < oo.
AL A HE]F<

6.12)

Finally, injecting (6.11) and (6.12) into (6.10), we deduce the desired decomposition
(3.17).

References

1. Chen, X.: Parabolic Anderson model with rough or critical Gaussian noise. Ann. Inst. Henri Poincaré
Probab. Stat. 55(2), 941-976 (2019)

2. Chen, X.,Deya, A., Ouyang, C., Tindel, S.: Moment estimates for some renormalized parabolic Anderson
models (Submitted) (2020). arXiv:2003.14367

3. Deya, A.: On a modelled rough heat equation. Probab. Theory Relat. Fields 166, 1-65 (2016)

4. Deya, A.: Construction and Shorohod representation of a fractional K-rough path. Electron. J. Probab.
22, 1-40 (2017)

5. Hairer, M.: A theory of regularity structures. Invent. Math. 198(2), 269-504 (2014)

6. Hairer, M., Labbé, C.: Multiplicative stochastic heat equations on the whole space. J. Eur. Math. Soc.
20(4), 1005-1054 (2018)

7. Hu, Y., Huang, J., Nualart, D., Tindel, S.: Stochastic heat equations with general multiplicative Gaussian
noises: Holder continuity and intermittency. Electron. J. Probab. 20(55), 1-50 (2015)

8. Hu, Y., Nualart, D.: Stochastic heat equation driven by fractional noise and local time. Probab. Theory
Relat. Fields 143(1-2), 285-328 (2009)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2003.14367

	A K-rough path above the space-time fractional Brownian motion
	Abstract
	1 Introduction
	2 Framework of the analysis
	2.1 General notation
	2.2 Weighted Besov topologies and K-rough paths
	2.3 A general solution map

	3 Main results
	3.1 Application to a space-time fractional noise
	3.2 Application to a spatial fractional noise

	4 Proof of Theorem 3.3
	4.1 Moment estimate for the first component
	4.2 Moment estimate for the second component
	4.3 Proof of (4.27)
	4.4 Conclusion: proof of Theorem 3.3

	5 Proof of Theorem 3.10
	5.1 Moment estimate for the first component
	5.2 Moment estimate for the second component
	5.3 Conclusion: proof of Theorem 3.10

	Acknowledgements
	Appendix
	Proof of Lemma 3.2
	Proof of Proposition 3.8

	References




