J Theor Probab (2018) 31:41-67 @ CrossMark
https://doi.org/10.1007/s10959-016-0706-4

Large and Moderate Deviations for the Total Population
Arising from a Sub-critical Galton—Watson Process
with Immigration

Shihang Yu! - Dehui Wang? - Xia Chen?

Received: 24 February 2015 / Revised: 12 July 2016 / Published online: 26 July 2016
© Springer Science+Business Media New York 2016

Abstract In this paper, we provide the exact forms of large and moderate devia-
tions for the empirical mean of population and the centered total population of a
sub-critical branching process with immigration. The rate functions in our large and
moderate deviations are explicitly identified. Our theorems also apply to the models of
the integer-valued autoregression. In computing the generating function requested by
Girtner-Ellis theorem, our treatment substantially relies on an algorithm specifically
designed for the autoregressive structure of our models.
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1 Introduction

The goals of this paper are the large deviation principle (LDP) for the empirical
mean

B Dehui Wang
wangdh@jlu.edu.cn

Shihang Yu
qqhrysh@163.com

Xia Chen

xchen @math.utk.edu
1 School of Science, Qigihar University, Qigihar 161006, China
Institute of Mathematics, Jilin University, Changchun 130012, China

Department of Mathematics, University of Tennessee, Knoxville, TN 37996, USA

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10959-016-0706-4&domain=pdf

42 J Theor Probab (2018) 31:41-67

Ny 4+ N,
n

and the moderate deviation principle (MDP) for the centered total population

D (N =n)
k=1

arising from the Galton—Watson process { Ny} that is defined inductively by the equa-
tion

Ni—1

Ne= D & 1j+e k=12 (1.1)
j=1

where {er, k € NT} and {&_1,;}; « are two mutually independent i.i.d. sequence and
array of nonnegative integer-valued random variables, A = E¢/(1 — E&) (E§ < 1 by
assumption). For each k, ¢ and (&1 ;}; stand for, respectively, the number of the
immigrants of the k-th generation and the numbers of the offsprings given birth by the
individuals in the (k — 1)-th generation. In this setup, the sequence Ny represents the
size of the population in the k-th generation and the partial sum N; 4 - - - 4+ N, is the
size of the total population ever lived on the earth up to the generation 7.

In this paper, we use ¢ and £ for the generic copies of {g, k € N7} and {&k—1,)j k>
respectively. Throughout, we focus on the sub-critical case given as E§ < 1. In other
words, the average number of the children of each individual in the system is less than
one. Since ¢ takes nonnegative integers, the sub-criticity implies P{§ = 0} > 0. To
avoid degeneracy, on the other hand, we always assume that P{§ = 0} < 1. Recall the
well-known fact that without immigration, the sub-critical branching process extinct
with probability 1. To prevent this from happening, we also assume that P{e =0} < 1
throughout the paper.

Galton—Watson process is also called branching process in literature. We refer the
book [4] by Athreya and Ney for the general information on branching processes and
the paper [12] by Pakes for the central limit theorem for the centered total population
of sub-critical branching process with immigration (Theorem 3, [12]). The branching
process with immigration is also mathematically linked to the models in time series.
In the special cases when & is Bernoulli ({0, 1}-valued) with E§ = « and when £ is
geometrically distributed with E§ = «/(14«), for example, { N;} becomes an integer-
valued autoregressive process (known as INAR models ) with the relation (1.1) being
re-denoted as, respectively,

Ny =ao Nr_1+ & (1.2)
and

Ny = a * Ni_1 + . (1.3)
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More specifically, the above autoregressive processes are classified as INAR(1) models
in statistical literature, due to the fact that they are “single-operator” systems. The
operators “o” (known as binomial thinning operator) and “x” (known as geometric
thinning operator) are introduced in Steutel and Van Harn [14] and Ristic et al. [13],
respectively. The INAR(1) models have been important research subjects in statistics
and finance. In application, the random term Ny can be used, for example, to measure
the claim numbers in the insurance industry or the number of the patients in a hospital
at the k-th period. Thus, the sum Ny +- - - 4+ N, is the accumulated claims up to the n-th
fiscal year. We refer the works by Mckenzie [11], Al-Osh and Alzaid [1,2], Alzaid and
Al-Osh [3], Weiss [16], Jung and Tremayne [9, 10] for the discussion on other aspects
of the autoregressive models.

Theorem 1.1 In the relation (1.1), let Ngp > 0 be a deterministic integer. Under the
assumptions

E& < 1, Ee? <00 and Fe’® <0 6 >0,

we have
n
. 1 1 .
lim sup — log P(— E Ny € F) < — inf I (x), (1.4)
n—oo N n il xeF
for each close set F € R*; and
1 1 —
lim inf — log P(— E N € G) > — inf I (x) (L.5)
n—oo n n = xeG

for each open set G € R, where the rate function /7 (x) is given as

I (x) = sup [x(@ - logEees) — logEexp{Ga}] x >0.
feR

Theorem 1.2 Let b, be a sequence of positive numbers satisfying b, — oo and
bn/n — 0. Under the conditions same as the ones given in Theorem 1.1,

1 j— Ee
lim sup — log P N — eFt <—inf I 1.6
o by [m;( o) } 2t 10

for each close set F C R; and

1 1 < Ee
1 - .
lim inf - log]P’[ (Nk 1—Eg> c G] >—inf Iy (17)
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for each open set G € R, where the rate function Iy (-) is given as

2 Var (¢) Var (&)
M@ =505 xR, where 0% = et + B0 g

In the large deviation theory, the result given in Theorem 1.2 is referred as moderate
deviation principle (MDP) partially due to its connection to the following central limit
theorem (Theorem 3, [12]):

Z( 1_]E$) 4 N, o).

What Theorem 1.2 tells is the story that the large deviation principle of Gaussian tail
passes through the central limit theorem.

It is worthy of mentioning that the rate functions in our theorems, especially in The-
orem 1.1, are explicitly given. The explicitness in rate function is particularly important
when it comes to application. A careful reader may have noticed our unorthodox way
of setting the rate function /7 (x). By putting & = 0 (so our system consists only of
immigrants) and Ny = &,

I (x) = sup {Qx - logEege} x>0
feR

and Theorem 1.1 becomes the well-known Cramér’s LDP (Theorem 2.2.3, p. 27, [8]).

In the Sect. 2 below, we shall give the “close forms” of the rate function Iy (x) in
some settings of INAR(1) models. Here we would like to list some properties of 7, (x)
in the following lemma.

Lemma 1.3 (1) I1(x) > 0 for each x > 0. Further, I1,(x) = 0 if and only if

. Ee
T 1 —E¢’

(2) Let kg = 0 be the least integer such that P{e = ko} > 0. Then I (x) = o0 on
[0, ko) as ko > 1 and I (0) = log (P{e = O})fl when kg = 0.

(3) I (x) is a good rate function in the sense that I (x) is lower semi-continuous on
R and for each | > 0, the level set {x € R*; I, (x) <} is compact.

The proof of this lemma will be given in Sect. 3 right after the proof of Theorem
1.1. Here we give a probabilistic interpretation of (2) instead. By the relation (1.1),

N >¢er>ky as. k=1,2,---

Consequently, the probability that (Ny + --- + N,)/n takes a value less than ky is
Zero.
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Using (1) and (3) in Lemma 1.3, one can show that

inf  Ip(x) >0

E.
\X—ﬁ\ifs

for every § > 0. Notice that E}Eg is the expectation of N under the invariant distribu-
tion. As a consequence of Theorem 1.1, we are able to claim the genuine exponential
decay for the probability that the sample average deviates away from its mathematical

equilibrium value.

Corollary 1.4 Under the assumption of Theorem 1.1, for every § > 0 there is a
constant cs > 0 such that

1< Ee
p(y;;m— = > 6) < exp(—csn) (1.8)

as n is sufficiently large.

In the language of population, Corollary 1.4 shows that a society with sub-critical
birth rate and sizable immigration is “exponentially” stable as far as its population is
concerned.

Since {Ny} can be viewed as a Markov chain taking values in Z* = {0, 1,2, ...},
we intend to make a comparison between our theorems and the existing large and
moderate deviations for additive functionals of an ergodic Markov chain {Xy}. In the
general setting, the underline random sequences are the sample average (LDP) of the
form

1 n
=D fX0) n=12,...
"=

and the centered quantity (MDP)

\/TT,, l; [ f(Xr) — / f (x)ﬂ(dx)] (where 7 (dx) is the invariant distribution)

and the results are formulated in a way comparable to Theorem 1.1 (see, e.g., Theorem
1,de Acostaand Ney [7] for the latest development) and Theorem 1.2 (see, e.g., Chapter
3, Chen [6]), respectively. Less general as they are, the theorems established in this
work have the following advantages. First, Theorem 1.1 provides explicit and complete
information on the rate function 7y, that is crucial in applications but largely ignored in
literature where the rate function is essentially incomputable in any non-trivial setting.
Without knowing that 77, (x) > O for all x # E—%E, for example, one could not claim
the exponential decay given in (1.8). To the best knowledge of the authors, the only
work in literature with the claim comparable to (1.8) is [7]. Second, the general results
usually require strong ergodicity of the underline Markov chains coupling with some
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technical integrability condition on the function f thatdemands f to be bounded, to say
the least (see, e.g., Theorem 1, de Acosta and Ney [7] for details). These assumptions
are either too technical to be examined or fail in our setting. In particular, Theorem 1
in de Acosta and Ney [7] does not apply to the function f(x) = x (in connection to
Theorem 1.1). In addition, the super-exponential ergodicity condition (applied to our
setting),

Egexp{fto} < oo VO >0

assumed in Theorem 1, de Acosta and Ney [7] with 7y = inf{k > 1; N; = 0}, is
not satisfied in our model. Unlike the previous work, the setup of our theorems does
not require the information on the invariant distribution which is not explicitly given
in some of our settings. Finally, our method is much more elementary and does not
use the any special tools developed in the area of Markov processes.

Suggested by the referee, we remark on Gaussian autoregressive process(AR(1))[5]

Ni = aNg_1 + &

for the purpose of comparison (Notice that the relation (1.1) only works for integral-
valued processes). Here we assume that 0 < o < 1, Ny is a constant and {g;} is a
sequence of i.i.d. N(u, og)—random variables known as white noise. By the relation

n n
o 1
E Ny = ——(No— Np) + —— E (N — aNg_1)
o l—«o 1—ozk=1

o 1 "
——(No — N, —E
1—0(( 0 n)+1_ak_18k

the summation on the right hand side is Gaussian for each n > 1 and

n n 2
_ " __"%
E(;Nk) =+ O(1) and Var(l;Nk) = 0=ap +0(1).

By the large deviation for Gaussian random variables (by Cramérs large deviation
principle (Theorem 2.2.3, [8]) with the i.i.d. N(pL(l —a)7 !, 002(1 — a)’z)—random
variables, for example), Theorem 1.1 holds with the rate function Iy (x) = I (x — A)

and Theorem 1.2 holds with the rate function /p;(x) = I(x) and A = (1 — o)L,
where

_ (-2,

I(x) = x e R.
0 ="

It shows that in the Gaussian setting, the LDP and MDP are essentially the same
thing. It is not difficult to extend this observation to some other types of Gaussian
autoregressive processes.
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We now comment on the approaches used in this work. As many other works in
the large deviations, our treatment involves Girtner-Ellis theorem (see, e.g., Theorem
2.3.6, p. 44, [8]) which reduces the problem to the computation of the logarithmic
generating functions. What sets this work aside is our algorithm designed for the
autoregressive structure of our model. The computation of the logarithmic generating
functions will be carried out in Sect. 3 (for the LDP) and Sect. 4 (for the MDP).

2 Examples

In this section we consider some special settings that are linked to the integer-valued
autoregressive models. These cases are included by Theorem 1.1 and Theorem 1.2.
All we need is to specify the rate functions.

Example 1 Correspondent to the INAR(1) model given in (1.2) is the setting when &
is Bernoulli P{¢ = 1} = 1 — P{§ = 0} = « and ¢ has the Poisson distribution with
Ee = (1 — a)A. In this case,

1 — 2

o\ X
T seRr
1+a)2 T

I = (

To find I, (x), we need to maximize the function

f@):x@—J%(Lﬂwﬂwﬂ>—u—an@e—q

for x > 0. By a simple but tedious calculus, the maximizer is

VA2(1 = a)? +4rax — A(1 — @)
0 =log .
2
That gives

4rx
Ir(x) = xlog

@1—mx+Jﬂa—aﬂ+MaQ2

2
+ (1 — a ) x > 0.
A1 —a) + /221 — a)? + 4rax
One can directly exam that

Ee

[,0) =0 for A= ,
L(A) or 1 Re
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Example 2 ' We now consider the INAR(1) model defined by (1.3) where & and ¢ are
geometric distributed random variables with probability mass function given by

ok

W k:O,l,Z,....

PG =k) =Ple=k) =

We have that ¢ = E¢ = «, Var (§) = Var (¢) = o and

Ee o
A= = .
1 — E& l -«
In particular,
(-’ ,
1 = R.
M (x) 20[(1+a)x X €
Further,
Eexp{&} = Eexp{fe} !
X = [Eex = —
P P T+ a(l— )

To compute /7, (x), we maximize the function

f(6) =x(9+10g(1—|—a—a69)) +log(1+a—aee)

for x > 0. Indeed, the maximizer is

14+ a)x
0 =log———
a(x +1)
and
(A +a)2x(x+1) A+a)(x+1)
I =xlog——————~ +log—————~ x>0.
L(x) = xlog 2@+ 12 + log 1 x>

One can check that I, (lf—a) =0.

3 Proof of Theorem 1.1

According to Gartner-Ellis theorem, our proof relies on computing the limit
1 n
nlggo - log E exp IK Zle] k € R.
=
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To this end, the function
$©) 20 —logEexp {95} 6 eR

plays a crucial role. In the following, we shall list some analytic properties of ¢ ()
that are relevant to our work. First notice that ¢»(6) is a concave continuous function
and ¢(0) = 0. By Jensen’s inequality, log Ee?® > Eloge?® = 9E£. Consequently,
¢(0) < 6(1 — E£). By the assumption that E€ < 1 we have that ¢ (6) < 0 for all
6 < 0. In addition, by the fact that

Ee”® = P& =0} + ¢’ > Plg = k)™ ~Pg =0} (0 - —o0)
k=1

¢ (0) is asymptotically linear in the negative direction

$O)~6 (06— —0c0) and lim_¢'(6) = 1. @3.1)

The fact that ¢ (0) = 0 and ¢'(0) = 1 — E£ > 0 implies that ¢(0) maintains to
be positive and increasing at least in a right neighborhood of & = 0. The behavior of
¢ (6) on the far right of zero divides our model into the following two different cases.
Case 1 The only setting contained in this case is when & is Bernoulli: P{§ = 1} =
1 —P{£ =0} = «. In this case, ¢(0) = 6 — log ((1 —a)+ aeg) is strictly increasing
on the real line and

lim ¢(0) = log l 3.2)
60— 00 o

Case 2 The remaining setting, where P{§ = k} > O for some integer k > 2. Con-
sequently, ¢(0) < 6 — k6 — logP{é = k} and the right hand side tends to —oo as
6 — oo. By the continuity and the concavity of ¢ (6), there are 0 < 6y < 01 such
that ¢ (0) is strictly increasing on (0, 6p) (therefore on (—o00, 6p)) and strictly decreas-
ing on (#p, co); and that ¢(#) > 0 on (0, 6;), p(0) < 0 on (A1, o0) (therefore on
(=00, 0) U (61, 00)). Obviously, ¢'(6p) = 0 and ¢ (1) = 0.

Example 1 and Example 2 listed in Sect. 2 belong to Case 1 and Case 2, respectively.
The graphs of ¢ (0) in these two examples are given in Fig. 1 below with o = 0.05.

To have a uniform treatment for the both cases, we take 89 = 00, i = oo and
¢ (6p) =log 1/ in Case 1 in the following discussion.

The crucial step of our proof is to show

Lemma 3.1 Forany 6 < 6,

1 .
lim —logEexp [¢>(9) ZNJ] = log Eexp{f¢}. 3.3)
j=1

n—oo n
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10 10
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Fig. 1 Graphs of ¢(#) in Case 1 (a) and in Case 2 (b)

Proof Write
L) =logEexp {95}

and let 7 = o (Ny, - - - , Ni) be the o-field generated by {Ny, - - -, Ni}. Notice that
for any &,

[exp ONe = LONe-1 || Fi 1] (3.4)

= exp L(O)Ny— 1} [exp {ONkak 1]

{
{-
{ LO)Ni_ 1}Eexp{ £}E<exp {9 ggkl,j}‘f“]
exp{ -

LO)Ni_ 1}]Eexp {9 }(Eexp {95})NH

—Eex {es} ©@ € R).
Consequently,
n+1 n+1
E exp { Z(GN/( - L(9)Nk_1)} = (Eexp {65}) :
k=1
By the facts that
n+1 n
D (ONe — L(O)Nx—1) = ONpy1 — LOINo + ¢(0) D N;
k=1 j=1
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and that Ny is deterministic

n n+1
Eexp {9Nn+1 + ¢ (6) ZNJ] = exp {L(Q)No}(]Eexp {98}) 0 eR. (3.5
j=1

Our goal in the remaining argument is to remove the term 6 N, from (3.5) without
drastic dynamic change. Notice that 6 < oo in Case 2 and ¢ (#) < 0 as € > 1. From
3.5)

n+1
Eexp [GN,,H] > exp {L(G)No}(E exp {98}) 3.6)

for all & > 0. This shows that the routine exponential approximation by Holder
inequality is no longer working here as the term 6 N,, ;| can be exponentially significant
for large 6 > 0.

First notice that (3.3) holds automatically for & = 0 as ¢ (0) = 0. In the following,
we treat the cases 0 < 8 < 6p and 6 < 0 separately.

Let 0 < 6 < 6y be fixed. By (3.5)

n n+1
Eexp[(e — L(®)) ZN,-] < exp{L(e)No}(lEexp {ea}) . (3.7)

j=1
Consequently,

n

lim sup — logEexp[ 0 — L(G) Z } < log Eexp{f¢}. (3.8)
j=1

n—oo N

We now work on the lower bound. Let § > 0 be small but fixed and let m > 1 be a
large but fixed integer. Define the stopping time

T =min{k >n—m; Ny <én}.

Consider the decomposition

E exp [9Nn+1 + (6 - L) ZNj]
j=1
=Eexp [9N,,+1 + (60— L®) ZN,-]ufSn}
j=1
+ Eexp ’ONnH +(0-L®) ZNj}l{m}
j=1
= A(n,m) + B(n,m) (say).
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Applying (3.5) on the left hand side,

n— o0

1 1
log E exp {98} < max [ liminf — log A(n, m), lim sup —log B(n, m)} 3.9)
n—-oo n

Foreachn —m < k < n, write

k—1 n+1
ONu+1+(0 — L(9)) ZN =ONy+(0 —L(©®)) » Nj+ Z (ON; — L(O)N;_1).
j=1 j=1 j=k+1

Applying (3.4) repeatedly,

n+1 n—k+1
E[exp| > (6N - L(Q)Nj_l)]‘]:k} = (Eexp{@e}) .

j=k+1
Thus
n
Eexp [9N,,+1 +(0-L®) ZN,»]l{t:k}
j=1
n—k+1 k—1
- (]Eexp{@e}) E exp [QNk +(0—-L® ZN,»]l{,zk}
j=1
n—k+1 k—1
< (Eexp{ee}) eeS”Eexp[ (6—L® Zlel{,zk}.
j=1
Hence
n n—k+1 k—1
A m) < & Z (]E exp{@s}) E exp { (6 - L®)) ZN,-]l{,zk}
k= j=1
m+1 n n
< esen( exp{@e}) Z E exp [(0 — L)) Nj]I{,zk}
k=n—m j=
m+1
59"(Eexp{es}) E exp i(e — L(®)) ZN,]
Consequently,

1 1 -
liminf — log A(n, m) < 86 + lim inf — log E exp {(9 — L) ZN;] (3.10)
n—-oo n n—-oo n 1 .
J=

for any m > 1.
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We now show that for large m, the quantity B(n, m) is negligible. By (3.7) and the
facts that N,—,,, > én, ..., N, > énon {t > n},and thatd — L(#) > Oon 6 < 6,

n+1
exp {L(@)No}(lE exp {ee})

> Eexp [(9 — L(9)) Z Nj]l{,>,,} > exp {mS(G — L(@))n}]P’{t > n}.

j=n—m
Consequently,
1
limsup — log P{t > n} < —mé8(0 — L(0)) + logEexp {0¢}. (3.11)
n—oo N

Given A > 0, the right hand side is less than —A for a sufficiently large m.
Pick 6 € (0,6p) and p > 1 such that p¢(0) < ¢(0). Further, one can make
pO < 6.Letg > 1 be the conjugate of p. By Holder inequality and (3.11)

" 1/p 1/q
B(n,m) < (IE exp [pGN,,H + p(@ - L(G)) ZN.,'}) (]P’{t > n})
j=1

1/p
< (Eexp [éNnH-i-(é—L(é))zNj]) exp{—q_lAn}

j=1
n+l

— (LONo/p (IE exp{ée}) ' exp { — qilAn},

where the last step follows from (3.5).
Thus

1 1 -
lim sup — log B(n, m) < —logEexp{fe} — ¢ 'A.
n—oo N P
One may make the right hand side smaller than
log E exp{f¢e}
by making A sufficiently large. In view of (3.9) and (3.10), we conclude that
1 n
86 + lim inf — log E exp [(9 — L)) Z Nj] > log Eexp{fe}.
n—-oo n =
]:

Letting § — 0% on the left hand side leads to the lower bound

1 n
lim inf — log E exp [(e — L)) ZNJ-] > log E exp{6¢}. (3.12)
n—oo n P
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Equations (3.8) and (3.12) together lead to (3.3) for 0 < 6 < 6.
Finally, we consider the case when 6 < 0. By (3.5), we have

Eexp I(@ — L(9)) iN,-] > exp {L(@)No}(IEexp {98})n+1,

j=1

which leads to

n—oo

1 n
liminf — logEexp (0 —L®) ZN]- > log Eexp{f¢}. (3.13)
j=1

We now come to the upper bound. Let 7 be defined as before.

Eexp [(9 — L®)) izv,-]

j=1

= Eexp H(e — L(®)) ZNj]l{M} +Eexp {(9 —L©) D N, } Lr=n)-
j=1

j=1
Notice that 8 — L(6) < 0. By the previous estimate the second term is bounded by
P{t > n} < exp{—An}

and A can be sufficiently large as one makes m large. So the second term is negligible.
As for the first term, by (3.5)

Eexp [(9 — L©)) ZNj]I{rsn}

j=1

k=n—m

k—1
< 2 Eexp[ 0 — L) ZN]] (r=k)
j=1

=~

—1
vl

o—08n Z Eexp [QNk + (49 — L(Q))
1

k=n—m

M

=

= ¢ " exp{L(O)No} (Eexp{@s}

k=n—m

00 k
< e " exp(L®)No} D (Eexp{es})

k=n—m

—1 n—m
= o0 exp{L(@)No}(l - (Eexp{ee}) (Eexp{ee})
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given the fact that
Eexp{fe} <1, as 6 <0.

In summary of our computation,

l n
lim sup — log E exp i(@ — L(G)) Z N; ] liz<n) < —66 + log Eexp{fe}.
n

n—oo .
Jj=1

Thus,

n

1
lim sup — log E exp [(9 — L(G)) E Nj} < —860 + log Eexp{f¢}.
n—oo N .
j=1

Letting § — 0% on the right leads to the upper bound

1 n
lim sup — log E exp H (9 — L(Q)) ZN]-] < logE exp{f¢}.

n—oo N ;
j=1

Together with (3.13), this proves (3.3) for 6 < 0. O

In Case 1, let ¢_1 (x) be the inverse function of ¢ (9) with ¢ () being viewed as a
function on (—oo, 00). In view of (3.1) and 3.2), the function ¢~ ! (k) has the domain
(—o0, log 1 /) and the range (—o00, 00). Set

. logEexp (¢~ (k)e) « <logl/a
Ax) =
o0 Kk >logl/a.

InCase 2, qb_l (r) is defined as the inverse of ¢ (6) with ¢ () being viewed as a func-
tion limited on (—o0, 6p]. Therefore, the function ¢_1 (x) has the domain (—o0, ¢ (6p)]
and the range (—o0, 6p]. Set

logEexp (¢~ (k)e) « < ¢(6h)
Alk) &
00 K > ¢(6o).

A subtle difference between Case 1 and Case 2 is that A (x) is left continuous at the
intersection point ¢ (6p) in Case 2.

Lemma 3.2 For any k € R,

1 .
lim — log Eexp {K > Nk} — A®0). (3.14)
n—-oon k:1
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Proof In light of Lemma 3.1, we need only to prove:

1. In Case 1,
1 n
nlgr;ozlogIEexpileNj] =00 (3.15)
]:
forany k > log 1/« .
2. In Case 2,
n
1
lim — logEexp [(90 — L(6p)) ZN]-] = log E exp{6oe}, (3.16)
n—>00 n —
j=
and
1 n
lim — log Eexp [KZN]'] =00, k> ¢(). (3.17)
n—-oon

j=1

We now prove (3.15). By monotonicity we only consider the case when k = ¢ (00) =
log 1 /. Since 6y = oo and k = ¢ (6p) > ¢ () for all & > 0. Consequently, by (3.3),
we have

1 n
lim inf — log E exp [K E Nj] > log Eexp{f¢}
n—-oo n =

]:

for every 8 > 0. Letting & — oo on the right hand side leads to (3.15).
By letting 6 — 6, in (3.3), we conclude in Case 2 that

1 n
lim inf — log E exp { (90 - L(@o)) Z N; ] > log E exp{6o¢}.

n—oo n
Jj=1

On the other hand, by (3.5), we have

E exp [(90 — L(%)) ZN,-] <Eexp {90Nn+1 + (80 — L(%0)) ZN,-]

j=1 j=1

n+1
= exp{L(Oo)No}(E exp {908}> .

Consequently,

n

1
lim sup - log E exp [(90 — L(6p)) Z Nj] < log E exp{foe}.
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So we have proved (3.16). From (3.16) and Lemma 3.1, we have that

n—oo

lim %logEexp [KZNJ-] =Eexp (¢~ ' (k)e), & < $(6h).
j=1

It remains to prove (3.17). Let k > ¢ (6p) be fixed and we use the argument by
contradiction. For otherwise there would be a subsequence {n;} such that the limit

k—o00 nj

. 1 ok
A(k) = lim — logEexp [K ZNJ-}
j=1
exists and finite. For any «’ < ¢ (69) = ko, by Holder inequality
K—kKko , Kko—k' ) K
K

.
A(Ko)ZA( i+ < DA +
K —K — K

K0

_K/ -
Ak),
K — kK’ K — K’

or

Alko) — Ak

/

A) = ko) + (€ — o) = A(ko) + (k — ko)A’ (k),

— K

where £ € (K, ko) and the second step follows from the mean value theorem. Notice
that

1,\ —_—>
¢/'6)

—1
A (&) = (IE exp {/28}) Ee exp {ke}
as k" — k;, and therefore ¢’ (6) — ¢ (6) = 0. Therefore, we must have A (k) = oo
that leads to contradiction. O

Proof of Theorem 1.1 We need to do two things in the proof: Identify the rate function
given in Theorem 1.1 with the function given as

I1.(x) = sup {Kx - A(K)}. (3.18)
keR

and apply Girtner-Ellis theorem (see. e.g., Theorem 2.3.6, [8]) based on Lemma 3.2.
We first consider Case 1. By the fact that A (k) = oo for k > log 1/«,

sup {Kx — A(K)} = sup [Kx — A(K)}.
keR k<logl/a

The substitution k = ¢ (0) leads to

sup {Kx — A(K)} = sup {¢(9)x — A(¢(9))} = sup {(])(G)x — logEexp{Gs}}

k<logl/a feR peR

where the last step follows from the definition of A («).

@ Springer



58 J Theor Probab (2018) 31:41-67

We now come to Case 2. Notice that A (k) = oo for k > ¢(6p). Thus,

sup {KX — A(K)} = sup {Kx — A(K)}.
keR k=¢(6o)

Consequently, the substitution « = ¢ (8) (6 < 6p) leads to

:Lelﬂg {Kx — A(K)} = 05;161))0 {¢(9)x — log]Eexp{Os}}.

Therefore, all we need is to show that for any x > 0, the function
f(0) =¢O)x — logEexp{fe}

can not approximate its global supremum on (—o0, 0o) when 6 is limited to (6, 00).
Indeed, this is obvious as on (6p, 00), ¢ (0) is decreasing while log [E exp{f¢} is increas-
ing.

We are in the position to apply Gértner-Ellis Theorem with the rate function 7y, (x)
given in (3.18). By Part (a) of Theorem 2.3.6, p. 44 in Dembo-Zeitouni [8], Lemma
3.2 leads to the upper bound

lim sup — log]P’( ZNk € F) ;Ielg I (x)

n—o0

for each close set ' C R.

The lower bound is harder to get. In addition to the exponential asymptotics given in
Lemma 3.2, it requires some extra conditions on A (k) known as essential smoothness
(Definition 2.3.5, p. 44, [8]). Recall that a convex function A: R —> (—o00, 00] is
called essentially smooth if its domain D; = {x € R; A(k) < oo} has a non-empty
interior DY = (a, b), if A(k) is differentiable on DY, and if

11m IA'(k)| =00 and lim |A'(k)| = oo. (3.19)
Kk—at Kk—>b~

The property in (3.19) is called the steepness at the domain boundary. Back to our
setting, it is not hard to see that Dg = ( — 00, ¢>(90)). Here we recall our convention

that 6y = oo and ¢ (6p) = log 1/« in Case 1. Further, A (k) is differentiable on D)?
with

Ee exp{qb_l(/c)s} 1

A= el Twel 961 00)

(3.20)

By the fact that lim,,_, 0 ¢’ (0) = 0, A(x) is steep at its right boundary. More precisely,
one can see that

lim A'(k) = oco. (3.21)
k—>¢(00)~
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By (3.1), on the other hand, ¢! (k) — —oo and ¢'(¢ ™' (k)) — 1 ask — —oc.
In addition, by L’Hopital’s rule

E _ 1
Beoxpl=ae} _ _ jim LiogEexpi—ge} = ko
q—oo Eexp{—qge} 1=ed

where ko > 0 is the least integer with P{e = ko} > 0. Summarizing our computation,

lim A'(x) = ko. (3.22)

K——00

This implies that A (k) is not steep at the left boundary of its domain.

To fix this problem, we adopt a strategy that goes back to at least Varadhan (p. 11,
[15]). Let {gx, k € NT} be an i.i.d. sequence of N (0, y?)-random variables that are
independent of {Ny}. Here 2 > 0 is small but fixed.

Eexp [/c Z(Nk + gk)} = {]E exp(/cgl)]nE exp {K :Zl Nk}

—exp{n/c v2/2) Eexp{ ZNk}

Therefore,

1 2
lim —logEexp{ E (Nk +gk)} = —K +AK) EA y ().

Clearly, DAy = Dy, Ay (k) is differentiable throughout D(}\y with A;, (k) = K)/2 +
A’ (k). Most importantly, in connection to (3.21) and (3.22), Ay (k) is steep at the left
and right boundaries of its domain! Hence A, («) is essentially smooth.

By Girtner-Ellis Theorem (Part (c), Theorem 2.3.6, p.44, [8]), the auxiliary random
sequence

1 n
- E (Nr + gx)
n

k=1

satisfies the large deviation principle with the rate function 1, (x) = sup, g {Kx -

Ay (/c)}. In particular, the lower bound claims that

1 1 <
liminf — log P{| — N, G)>—-inf I
im inf — log (n2< i+ &) € )_ inf 1, (x)

n—>o00 n P
for every open set G C RT.
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The obvious relation A, (-) > A(-) implies that I,,(-) < I.(-). Given xo > 0 and
8 > 0, applying the above lower bound to the open set G = (x — 2718, x +2716)
leads to

n

D (N + g — xo0

n—-oo n i

)
< 5) > — inf I (x) > —I1(x0).

s
[x—xol<3

1 1

lim inf — log]P’( -
n

(3.23)

On the other hand,

1
P{ ;ZN](—X()

k=1
and

5 1w 8
< 2 |; ng| < 5}
>IP>{| Z(Nk+gk>—xo|<— JP{| ng|>—}

k 1

l n
p Z(Nk + 8x) — xo

<8]2]P’{

ng

{l

Thus, we have

H Z(Nk + gk) — Xo

k=1

>x]—e p[ 1+0(1) 2] (x = 00).

ertgnl

1+o(l) (/ns
I (T) }

2y2

ZNk—xo

+ exp{— (3.24)

Equations (3.23) and (3.24) together prove that

1 1 2
max { liminf — logP |—2Nk—x0|<8 —2—)/2(8/2) > —1I1(xp).

n—oo n Py

Letting y2 — 07 on the left hand side, we have

1
11m1nf—10gIP’{|—ZNk—xo| <8} > —1I1(xp). (3.25)

n—o0o n
k=1

Let G C R™ be an arbitrary open set again. For any xo € G thereis a § > 0 such that
(xo — 8, x0 +68) C G. Hence
< 8] .

ST

k=1

1 n
p 2 Ne =0
k=1
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Applying (3.25) to the right hand side

1 I
lim inf — logP[—ZNkeG] > —1I1 (xp).
n

n—00
k=1

Taking supremum over xo € G, we finally establish the desired lower bound

1 1 n
liminf —loglP{ — N, e Gt >—inf [ . O
im in og [nz L € ]_ ):IElG L(x)

n—-oo n 1

Proof of Lemma 1.3: Some of the approaches used below may be standard. We include
them here for the reader’s convenience. Recall that

I1.(x) = sup [x(@ - 1ogEe95) - logEexp{Gs}] x>0.
feR

Since the quantity inside the supremum s equal to zeroas & = 0, sowe have I (x) > 0.
In addition, by Jensen’s inequality,

log Eexp{0€} > Eloge?® = 0Eg, logEexp{fe} > Eloge’® = 0Ee

Thus,

Ee
1 —E¢g

6 — log Ee’ ) —log Eexp{fe} < 0
g

for any 6 € R. Consequently, 1, (1 JEE) =0.
Assume, on the other hand, that x € R satisfies /7 (x) = 0. Then we have that

x(9 — log]EeGE) — logEexp{fe} <O0.
Or
x(@ — log ]Eee‘?) < logEexp{f¢}

for every 6 € R. In particular,

1 0t 1
x( —glogIEe ) —log E exp{f¢e}

N

for & > 0; and

x( glog]Ee) alogEexp{Ge}
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for6 < 0. Letting® — 0" and — 0~ respectlvely, we obtain that x (1 —E§) < Ee
and x(1 — E§) > Ee. So we have x = 5 Eé We have completed the proof of (1).
We now come to (2). By the assumption we have that
logEg exp{fe} < ko6 6 < O.
Combining this with the first relation in (3.1), therefore,

x¢ (@) —logEgexp{fe} —> oo (6 — 00)

for x < ko. Consequently, I (x) = oo
When ko = 0, the function

f(©) =—logEexp{fe} 6 R
is decreasing with the limit log (P{e = 0})~! as & — —o0. So I1.(0) = log (P{e =
op~L
We now prove (3). The lower-semi-continuity follows directly from the fact that
I7 (x) is a convex conjugate of A(k) (see (3.18)). By the lower-semi-continuity the
level set {x; [Ir(x) < I} is a close set. We just need to prove that the level set is

bounded. First notice that there is a M > 0 such that

c= sup A(k) < oo.
[c]l=M

From (3.18),
I (x) > kx — A(k) > kx — ¢ for any « satisfying || < M.
In particular, I7,(x) > Mx — c for all x > 0. This implies that
v L <i}cl{x 0<sx<M'C+0}
In other words, {x; Iz (x) <!} is bounded. o
4 Proof of Theorem 1.2

Write A = E By Girtner-Ellis theorem (Theorem 2.3.6, p.44, [8]), all we need to
show is that

lim —1ogEexp Iﬁ,/ Z(Nk —x)] 0252 B eR. 4.1)
n%OO
Let B € R be fixed but arbitrary and write
I = log Eexp {6, (¢ — E®)}.
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where 6, = ,/ l% & Notice that

Ni—1

Ni=r= > (&1 —B&) + EEWNio1 — 1) + (ex —Ee) k=1,2,---.
j=1
Recall that 7, = o{Ny, - - -, N} and observe that for any k > 1,

E[exp {on (Ve = %) = BE Wit = ) = ank_l})fk_l]

Ni—1

exp | - lnNkl}E[exp Ie( > ke — E8) + (e - Ee))]\ﬁl]
j=1

= Eexp {0.(c — Ee)}.

Hence,
n+1
Eexp { > {on(Ve =2 = BN - 0) - lnNk_l}]
k=1
n+1
= (IE exp {9,, (8 — Ee) }) . 4.2)
On the other hand,

Eexp [ i {on (Vi = 2 = @EOW-s - 1) - lnNk—l}]

k=1

— exp { — o+ ml,,}]E[ exp [9,,(Nn+1 —N— ((]Es)en n l,,)(No - x)}
X exp [(9,1(1 —Eg) — 1,,) > e - ,\)” (4.3)
k=1

- (1 +o(1)) exp{ - nun}lEexp [enN,,+1 n (0,,(1 _Eg) — 1,,) i(Nk - A)].

k=1

Here we use “(1 + 0(1))” to absorb all insignificant and deterministic factors.
Combining (4.2) and (4.3) and by the definition of /,,

ni

n+1
(IE exp {9,, (e — Es)}) (IE exp {9,, & — Eé‘)})

= (1+0())Eexp |9nNn+1 + (0,05~ 1) v - A)].

k=1
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By Taylor expansion, the left hand side is asymptotically equivalent to
1 5
exp 3 o°Bbyi.

Thus

! 1
lim b—logEexp [9 Nyy1 + (0 (1 -FE&) —1, )Z(Nk _)\)] 3 o2p2.

n— 00
k=1

By the fact that 6, — 0 and by Lemma 4.1 below, a standard argument of exponential
approximation by Holder inequality enables us to remove the term 6, N,y from the
above equation. So we have

1 L 2
lim b—logEexp[(en(l—JEs)—z,,) Z(Nk—k)] S07B (4

n—o00
k=1
In addition, by Jensen’s inequality,
Eexp {6.(6 — E6)] = exp {0,E(6 — Bo)| =

Consequently, /, > 0. On the other hand, I, ~ 2~ !Var (5)9,% = 0(6,). By Holder
inequality, therefore,

Eexp [ (0n (1 —B) = 1,) > (Ne - A)}
= On(1-E&)—In

n 0 (1—EE)
< (Eexp [en(l —E£) > (N — A)]) :

k=1

By the fact that 6, (1 — E¢) = 8 by = and by (4.4), we obtain the lower bound

hm 1nf — logIEeXp [,3\/>Z(Nk — k)] % 2/3 . 4.5)

On the other hand, given a small number 0 < § < 1,

On(1 —E&) =1y > (1 = 8)0, (1 —E&) = (1 - 5)/3@
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as n is sufficiently large. By Holder inequality

bn
Eexp [(1 - S)ﬁ\/;Z(Nk - k)]
k=1
: e
< (Eexp[(en(l —E&) —1,) > (N —A)]) o

k=1

By (4.4), therefore,

1 bn ~ 1
lim sup — log E exp [(1 — 8B — § (Ng —,\)] < 502,32.
n
k=1

n—oo bn

Since B € R can be arbitrary, replacing it by (1 — §)~! 8 in the above leads to

. 1 bp ~ 1 50 B \2
hmsupb—log]Eexp B IZ(NIC -t < Eo’ (m) .
k=1

n—o0 n

Letting 8 — 07 on the right hand side yields the desired upper bound which, together
with the lower bound (4.5), leads to (4.1). O

Recall our notation L(6) = logEexp{f#&} and our discussion on the function
¢(0) = 6 — L(0) in the beginning of the previous section. In Case 1 where £ is
Bernoulli, ¢ (0) is positive and strictly increasing on (0, co); while in the remaining
setting (Case 2), there is 6y > 0 such that ¢ (0) is positive and strictly increasing on
(0, 6p) but is decreasing on (6p, 0o). To have a uniform statement in the following
lemma. We use the convention that 6) = oo in Case 1. Sharply contrary to (3.6) where
6 > 0is large, we have

Lemma 4.1 Forany 0 < 6 < 0y,

sup Eexp {0 Ny} < oo.
k>1

Proof We start with the fact that the relation (1.1) implies that
Eexp {QNk} = (]E exp{@e})E exp {L(G)Nk_l}

for any 6 € R. Iterating the above argument gives that

k—1

[]EexpiL/ (e)e}) exp {L¥(6)No) (4.6)

Eexp {dNi} = (
j=0

where the notation L/ (-) is for the j-th fold composition of the function L(-).
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Fix0 < 6 < 6. The derivative function ¢’ (-) is strictly positive on [0, §]. Moreover,
there is § > 0 such that ¢’(¢) > 8 for any ¢ € [0, 8]. In other words, L'(¢) <1 —§
on [0, 6]. Notice that L(0) = 0. By the mean value theorem, L(¢) < (1 — §)¢ for
any ¢ € [0, 6]. In particular, L/ (8) < (1 — )76 for every integer j > 1. By (4.6),
therefore,

k—1

Eexp {0N} = (H Eexp{(1 — 3)j98}) exp {(1 — §)*ONo}.

j=0

By Holder inequality,

k-l . kol (1-8)i jmo(1=8)
H Eexp{(1 — §)/0¢} < H (E exp{@s}) < (IE exp{@s}) '

j=0 j=0
>0(1=8) 1/8
< (]E exp{@s}) = (E exp{@s}) .

Thus, the requested conclusion follows from the obvious boundedness of the factor
exp {(1 — 8)*0No} on k.
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