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Abstract

In this paper we obtain a Feynman-Kac formula for the solution of a
fractional stochastic heat equation driven by fractional noise. One of the
main difficulties is to show the exponential integrability of some singular
nonlinear functionals of symmetric stable Lévy motion. This difficulty will
be overcome by a technique developed in the framework of large deviation.
This Feynman-Kac formula is applied to obtain the Holder continuity and
moment formula of the solution.

1 Introduction

Let 0 < @ < 2and let A = Zle 8872? be the Laplacian. In this paper, we shall

obtain a Feynman-Kac type formula for the following stochastic equation driven
by fractional noise

@ — _(_A)%u+uﬂ
ot Otdxy -+ Oxy (1.1)
u(0,z) = f(x),

where W (t, ) is a fractional Brownian sheet with Hurst parameters Hy in time
and (Hy, ..., Hy) in space, respectively. More specifically, for the solution u(t, x)
to the above equation, we can write down the following Feynman-Kac formula

)= ¥ [sexpre ([ [ s —pwaman)| . a2

where EX denotes the expectation with respect to the symmetric a-stable Lévy
motion X7, and ¢ denotes the Dirac delta function.
d+1

When ———— in (1.1) is replaced by a (deterministic) continu-
ot0xy -+ - 0xyq
ous function c(t, z), this is the classical Feynman-Kac formula, which has been

widely studied (see [7]).
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In our above stochastic case, if —(—A)*/2 in (1.1) is replaced by the
classical Laplacian A (the case o = 2), the corresponding Feynman-Kac formula
was studied first in [11] in the case that all Hurst parameters Hy, Hy, -, Hq
are greater than or equal to 1/2 and then in [9] in the case Hy < 1/2. In
both papers, the symmetric a-stable Lévy motion is replaced by the standard
Brownian motion.

In [11], the main difficulties to overcome are the following: The first one
is to show the exponential integrability of some functionals of the Brownian
motion so that (1.2) is well-defined. The second one is to show that (1.2) is a
solution to (1.1). In [9], even the existence of the stochastic integral in (1.2)
becomes a big challenge and was dealt with great care. We expect the similar
difficulties will appear in our current situation.

We shall follow the approach of [11] and [9] to approximate the noise in
(1.1) by smooth ones. However, to show the exponential integrability of the
stochastic integral in (1.2) we shall use a technique developed in [4]. This will
largely simplify our computation even in the standard Brownian motion case.
We shall also use Malliavin calculus to show that (1.2) is indeed a weak solution
to (1.1).

It is straightforward to extend our results in the following two directions.
First, —(—A)*/? in (1.1) can be replaced by a generator of more general Lévy
process or more general Markov process. Secondly, W (t,z) in (1.1) can be
replaced by a more general Gaussian field. We restrict ourselves to the specific
case of (1.1) is to make our presentation simple and to present our idea and
approach in a clear way.

The paper is organized as follows. In Section 2, we very briefly present
some preliminary material on Malliavin calculus and stable Lévy motion that
we need to fix some notations. In Section 3, we give a definition to the stochastic
integral in (1.2). This is necessary since the integrand involves the Dirac delta
function. We also show the exponential integrability of the mentioned stochastic
integral. In Section 4, we use Malliavin calculus to prove that (1.2) is a solution
to (1.1) in a weak sense. Section 5 is an application of Feynman-Kac formula
(1.2). We prove that the solution u(t, z) given by (1.1) has a Hélder continuous
version. We also find the Hélder exponent. The main part of the paper assumes
that the stochastic integral involved in (1.1) is in the sense of Stratonovich.
In Section 6, we also discussed the Feynman-Kac formula where the stochastic
integral in (1.1) is in the sense of It6-Skorohod. We also obtain a Feynman-Kac
formula to represent the It6-Wiener chaos coefficients of the solution. A formula
for the moments of the solution is also given. Finally in Section 7, we present
some lemmas used in this paper.



2 Preliminaries

2.1 Fractional Brownian motion and Malliavin calculus

Fix a vector of Hurst parameters H = (Hy, Hy,...,Hy), where H; € (%, 1).
Suppose that W = {W(t,z),t > 0,7 € R?} is a zero mean Gaussian random
field with the covariance function
d
E(W<t7 l‘)W(S, y)) = Ry, (S, t) H R, (Iia yi)7
i=1
where for any H € (0,1) we denote by Rg(s,t), the covariance function of the
fractional Brownian motion with Hurst parameter H, that is,

1
Ry (s,t) = g (77 + [s|*" = [t = s*).

In other words, W is a fractional Brownian sheet with Hurst parameters Hy in
time variable and H; in space variables, 1 =1,...,d.

Denote by £ the linear span of the indicator functions of rectangles of the
form (s,t] x (z,y] in Ry x R? where (z,9] = (21,31] X - -+ X (24,yq]. Consider
in £ the inner product defined by

d
(100,51 x (0,215 L(0,6)x (0,9]) 1 = R, (5,1) H Ry, (i, y:)-
i=1
In the above formula, if x; < 0 we assume by convention that I(g ;) = —I[z,,0)-

We denote by H the closure of £ with respect to this inner product. The
mapping W : Lo gx(0,2] = W(t,z) extends to a linear isometry between H and
the Gaussian space spanned by W. We will denote this isometry by

W(g) = / o(t, )W (dt, da),
0o Jrd
if ¢ € H. Notice that if ¢ and ¢ are functions in &, then
EW(@)W(¢)) = (¢, ¥)n = an

d
y / o5, 2)6(t, )5 — =2 T s — gl 2dsdtdady, (2.1)
]Rix]R?d

i=1

where apy = H?:o H;(2H; — 1). Furthermore, H contains the class of mea-
surable functions ¢ on Ry x R? such that

d
/R2 o |p(s, 2)p(t,y)||s — t|*Ho—2 H lz; — y|?Hi2dsdtdzdy < co.  (2.2)
+><

i=1

We will denote by D the derivative operator in the sense of Malliavin
calculus. That is, if F' is a smooth and cylindrical random variable of the form

F=f(W(o1),...,W(¢n)),



¢i € H, f € C;°(R™) (f and all its partial derivatives have polynomial growth),
then DF is the H-valued random variable defined by

pr=Y gmf;wwn, W (6))6

The operator D is closable from L?((2) into L*(Q;H) and we define the Sobolev
space D12 as the closure of the space of smooth and cylindrical random variables
under the norm

IDFll,, = \/E(F?) + E(IDFIZ).

We denote by ¢ the adjoint of the derivative operator, determined by duality
formula
E(@(u)F) = E((DF,u)y,), (2.3)

for any F' € D*2 and any element u € L?(€; H) in the domain of §. The operator
0 is also called the Skorohod integral because in the case of the Brownian motion
it coincides with an extension of the It6 integral introduced by Skorohod. We
refer to Nualart [16] for a detailed account on the Malliavin calculus with respect
to a Gaussian process. If DF and u are almost surely measurable functions on
R x R? verifying condition (2.2), then the duality formula (2.3) can be written
using the expression of the inner product in H given in (2.1):

E((u)F) =ay

d
xFE / D, . Fu(t,y)|s — 15|2H°72 H |x; — y,;|2Hi72dsdtd:vdy .
RiXRZd

i=1
We recall the following formula, which will be used in the paper
FW(¢) = 6(F¢) + (DF, )y, (2.4)

for any ¢ € H and any random variable F in the Sobolev space D':2.

2.2 Symmetric a-stable Lévy motion

In this section we recall symmetric stable distribution and symmetric a-stable
Lévy motion. For more general and detailed result about stable processes, we
refer to [18].
A random variable X is said to be symmetric a-stable if there is parameters
0 < a <2 and g > 0 such that its characteristic function

Eei?X = o101
and we will denote that X ~ S(«,0).
Notice that when o = 2, X is a Gaussian random variable. When a € (0,2), we
have E|X|P < 0 if -1<p<aand E|XP =00 if p > a.
A stochastic process {X (t),t > 0} is called symmetric a-stable Lévy motion if



(1) X(0) =0 a.s..
(2) X has independent increments.

(3) X(t) — X(s) ~ S, (t — s)a) for any 0 < s < ¢ < oo and for some
O<a<2

Throughout the paper C will denote a positive constant which may vary
from one formula to another one.

3 Definition and exponential integrability of the
generalized stochastic convolution

For any € > 0 we denote by p.(x) the d-dimensional heat kernel

_l=?

e~ 2, xR

vl

pe(x) = (2me)™
On the other hand, for any é > 0 we define the function

1
ps(x) = 51[0,5] (7).

Then, ¢s(t)p-(x) provides an approximation of the Dirac delta function 6(¢, x)
as € and 6 tend to zero. We denote by W9 the approximation of the fractional
Brownian sheet W (¢, x) defined by

Ot x) = t — 5)pe(z — s sdy . .
WeStta) = [ [ ealt = o = )W s, dsdy (3.1)

Fix € R% and ¢t > 0. Suppose that X = {X;,t > 0} is a d-dimensional
symmetric a-stable Lévy motion independent of W. We denote by X} = X, +x
the symmetric a-stable Lévy motion starting at the point z. We are going to
define the random variable fot Jpa 0(X7_ . — y)W (dr,dy) by approximating the
Dirac delta function §(X7F . — y) by

e N e (52)
0

We will show that for any ¢ > 0 and § > 0 the function Afg belongs to the
space H almost surely, and the family of random variables

m_//RdA“S W (dr, dy) . (3.3)

converges in L? as € and 6 tend to zero.
The specific approximation chosen here will allow us in Section 4 to
construct an approximate Feynman-Kac formula with the random potential



W9 (t, ) given in (4.1). Moreover, this approximation has the useful properties
proved in Lemmas 7.4 and 7.5. We may use other types of approximation
schemes with similar results. Also, we can restrict ourselves to the special case
0 = g, but the slightly more general case considered here does not need any
additional effort.

Along the paper we denote by EX (®(X,W)) (resp. by EV (®(X,W)))
the expectation of a functional ®(X, W) with respect to X (resp. with respect
to W). We will use E for the composition EX EW | and also in case of a random
variable depending only on X or W.

Theorem 3.1 Suppose that 2Hy+ + Zd 1(2H; —2) > 1. Then, for anye >0
and 6 > 0, As 0 * defined in (3.2) belongs to H and the family of random variables
thf defined in (3.3) converges in L? to a limit denoted by

/ (X[, —y)W(dr,dy) . (3.4)
Rd

Conditional to X, Vi, is a Gaussian random variable with mean 0 and variance

t ot d
Var' (Vi ,) = aH/ / |r75\2H072H|Xﬁ fX;‘|2Hﬁ2 drds . (3.5)
0 70 i=1

Proof Fixe, €', 6 and &' > 0. Let us compute the inner product

A65 AE 5 — / / . 5 X _
< b >H o [0,t]4 R?dp pe( )

X Qg tfsfu)ga(;/(t—rfv)

x|u — v|*Ho=2 H ly; — 2|2 2dydzdudvdsdr.  (3.6)

i=1

By Lemmas 7.4 and 7.5 we have the estimate

/ / (X7 — y)per(XT — 2)
[0,¢]2 JRR2d
d

X5t — s —u)ps (t — 1 — v)|u — v|*Ho=2 H lys — 2|2 2dydzdudv
i=1

d
< Cls =P T X - X7, (37)

=1

where and in what follows C' > 0 denotes a constant independent of € and 4.



The expectation of this random variable is integrable in [0,#]? because

t gt d
EX/ / |sfr|2H0*2H|X2 fXﬁ|2HF2 dsdr
0 Jo

i=1

d t i
0 JO

i=1
d ok

_ 2Hi:1 E|§‘2HL 2t + < 0 (3 8)

k(k+1) ’ '

where
14

= 2H, — 2H; —2)—-1>0. 3.9
K o+ o ;( ) > (3.9)

and £ is a standard symmetric a-stable random variable.

As a consequence, taking the mathematical expectation with respect to
X in Equation (3.6), letting ¢ = ¢’ and § = §’ and using the estimates (3.7) and
(3.8) yields

X £,0 2
EX A" <c.

H

This implies that almost surely A5

Z

belongs to the space H for all ¢ and § > 0.
Therefore, the random variables V;f = W(Af)’;S ) are well defined and we have

Byre’ o 0 g
BXEV (V) = BX (47047
For any s # r and Xs # X, as €, ¢/, 6 and ¢’ tend to zero, the left-hand side
of the inequality (3.7) converges to |s — r|*H0—2 H‘::l | Xi - XHQHFz. There-
fore, by dominated convergence theorem we obtain that EX EW(‘@fthf;’y)
converges to X; as €, €/, 4 and ¢’ tend to zero, where

_ 204H H?:l E|§|2H"’72t'{+1

)y
’ k(k+1)

Thus we obtain
’ ’ 2 2 ’ ! ’ ’ 2
E (Vi -vi” ) =B (v ) -2 (v )+ B (v ) =0,

This implies that th;"s" is a Cauchy sequence in L? for all sequences &, and

n

0, converging to zero. As a consequence, V;;"s converges in L? to a limit
denoted by V; ., which does not depend on the choice of the sequences ¢,, and
On. Finally, by a similar argument we show (3.5). =

Proposition 3.2 Suppose 2Hy + é 2521(2Hi —2) < 1. Then, conditionally to

X the family thf does mot converge in probability as € and § tend to zero, for
a non-zero set of trajectories of X.



Proof We will prove by contradiction. Suppose thf converges to V;, in
probability as € and § tend to zero given X for almost all trajectories of

X. Since given X, fo is Gaussian, so EW(V2,) = €_>1(i)1g1_>0 EW(ij)2 =

fot fot s — r[2Ho=2 T[4 | X7 — Xi[2Hi~2dsdr < oo for almost all trajectories
of X. As in the Step 2 in the proof of the Theorem 3.3, we can prove that
1

(fot fot |s — r[*Ho=2 Hg:1 [ X:— Xi|2Hi_2dsd7") * is sub-additive and it’s also fi-

nite almost surely, hence we have

t ot d 3
Eexp </ / |5 — | 2Ho=2 H | Xt — XﬁgH"_stdr> < 00,
0 Jo

i=1

implying that Efot fot s — r[2Ho2TTL, | X7 — Xi|2Hi~2dsdr < oo which is a
contradiction. m

The next result provides the exponential integrability of the random vari-
able V; , defined in (3.4).

Theorem 3.3 Suppose that 2Hy + é Zle(ZHi —2) > 1. Then, for any A € R,
we have

Fexp ()\ /0 t [ s —ywiarn, dy)) < o0, (3.10)

Proof The proof will be done in several steps.

Step 1 From (3.5) we obtain

A2 t et d , 4
Ee*Vor = EX exp <QO‘H/ / |s — r|?Ho=2 H X — X[ P2 dsdr |
070 i=1

and the scaling property of the stable Lévy motion yields

EerMVts = BelY (3.11)

where p = %ZQHt”‘H, where & has been defined in (3.9), and

1,1 d
Y = / / s —r[PHo2 TT | X1 — X P2 dsdr. (3.12)
0 70 i=1

Then, it suffices to show that the random variable Y has exponential moments
of all orders.
Step 2 Let

(NI

t gt d
VRS (/ / |s—7‘|2H°72H|X§ —Xf.QHizdsdr>
o Jo

=1



We use the the identity

|S_T|2H072 :CO/ |S—u|2H373|r—u|2Hgi3du
R

2H; -3

i 112H; —2 __ ) i i i 2H; -3 .
[ Xe — X, =C; [ |XI—a| 5 | Xi—z|"F de i=1,---,d
R

where C; only depends on H; for : =0,1,--- ,d.

We have
1/2
7y = (/ &2 (u, xq, - - ,xd)duda:1~-~da:d)
RxRd

where

d t 2Hg—3 d . 2H; -3

&(u, 1, ,xq) = (HC@) / |s —u| ™2 H | X: — x|~ 2 ds
i=0 0 i=1

For t1,t5 > 0, by triangular inequality

9 1/2
Zpi4t, < Zt1+(/ , |:§t1+t2 (U,ﬂUL e al“d)_fn (%3317 e ,xd)} dudxy - -- dl‘d)
RxR

Write X/ = X}, — XJ..

§t1+t2(ua T, 7'rd) - §t1 (uamla te 7xd)
d tittz 2H)—3 d ) 2H; -3
:(Hci)/ s —u| 75 [[I1XE -l T ds
i=0 t i=1

d to oHN—3 N ~. . 2H; -3
:(HQ)/ s+t —ul H\X;-i—XZl —x;| T2 ds
i=0 0 i=1

By translation invariance,

2

/ ., {ftlﬂz(u’xla"' vwd) _ftl(uaxlv"' 71'd)
RxR4

:/ dgti(u,xl,-n,xd)dudm1~~-d:1:d
RxR

where

~ t2 2H)—3 d =i 2H;—3
ﬁtz(uvzla"'vxd):<HCi) |Siu| 2 H|Xsixz| T ds
a 0

i=1




Therefore, the process Z; is sub-additive, which means that for any ¢, > 0,
Zyy+t, < Zy, + Zy,, where Z;, is independent of {Z;; s < t;} and has a
distribution same as Z,.

Step 3 Notice Z; > 0 is non-decreasing and path-wise continuous. By Theorem
1.3.5 in [4], for any € > 0 and ¢t > 0

Fexp {HZt} < 00
and the limit 1
tliglo n log Eexp {6Z,} = ¥(0)

where 0 < ¥(0) < co. By the scaling Z; L 11/27, with

d
1
—2Hy+ = (2H, — 2), 313
B o+ o ;( ) (3.13)
we have
. 1 . 1 2 2
t&r&;logEexp{QZt} = tl_l,rgj e log E exp {GZW% 167 = Ww(1)0~

Using Chebyshev inequality, we have eetIP’{Zt > t} < Ee%%t. Hence we
have 0t + logIP’{Zt > t} < log Eeezf, and then limsup,_, %logIP’{Zt > t} <
limy o0 +log Ee??t —0 = W (0) —0 = 0%\11(1) — 6 which is strictly negative when
we choose 6 > 0 sufficiently small. Hence there exists C' > 0 such that

1
lim sup — logIP’{Zt > t} < -C.
t—o0 t
So we have the bound
P{Zl > t257} < exp{—Ct}

Since for random variable X > 0, FeX = EfOX eYdy+1= fooo P{X > y}evdy+
1, we have

2
2—1r
Eel%i

o0 _2
§/ P{0Z7" > yteVdy + 1
0
> 2
<Y P{0Z7T > Kyeft 41
K=0

_c
GE K+ 4

M

e

=
i

0

10



This give the critical integrability
2
Eexp {GZ{“_7 } < 00

for some 6 > 0, which implies that Eexp{)\Z%} < oo for all A > 0 since

1<y <2,
]

4 Feynman-Kac formula

We recall that W is a fractional Brownian sheet on R x R? with Hurst param-
eters (Hg, Hy,...,Hy) where H; € (%,1) for i =0,...,d. For any €, § > 0 we
define

VOt x) = t — $)pe(x — s . .
Westtayi= [ [ slt—opilo =) Wids.dy) (1.1)

In order to give a notion of solution for the heat equation with fractional noise
(1.1) we need the following definition of the Stratonovitch integral, which is
equivalent to that of Russo-Vallois in [17].

Definition 4.1 Given a random field v = {v(t,z),t > 0,2 € R?} such that

T
/ [v(t, z)|dzdt < oo
0 Jre

almost surely for all T > 0, the Stratonovitch integral fOT Jga v(t, )W (dt, dzx) is
defined as the following limit in probability if it exists

T
lim/ / o(t, )W (t, x)dxdt.
6,6J,0 0 R4

We are going to consider the following notion of solution for Equation

(1.1).

Definition 4.2 A random field u = {u(t,x),t > 0,z € R4} is a weak solution
to Equation (1.1) if for any C* function @ with compact support on RY, we
have

/Rdu(t,x)@(a:)dx = f( x——//Rd (s, )(—A) % p(a)dads

//]Rd u(s, x) W(ds,dz),

almost surely, for all t > 0, where the last term is a Stratonovitch stochastic
integral in the sense of Definition 4.1.

The following is the main result of this section.

11



Theorem 4.3 Suppose that 2Ho+ = Z?Zl(QHi—2) > 1 and that f is a bounded
measurable function. Then process

)= (sexpye ([ [ s, —wwianan))  2)

is a weak solution to Equation (1.1).

Proof  Consider the approximation of the Equation (1.1) given by the following
heat equation with a random potential

Ous® o es
o = (A e Fut W

us(0,z) = f(x).

(From the classical Feynman-Kac formula we know that

u(t,2) = B (f(X;E”) exp ( / Ve - s,X§>ds)) |

where X* is a d-dimensional symmetric a-stable Lévy motion independent of
W starting at x. By Fubini’s theorem we can write

/Ot (/Ot /Rd @s(t — s —r)pe(XT —y)W (dr, dy)) ds
/Ot /Rd </0t ot — s —1)p (X7 — y)ds> W (dr, dy)
Vs é

t,x

(4.3)

t
/ Wed(t — s, X7)ds
0

where Vf;f is defined in (3.3). Therefore,
() = BY (f(XE)exp (Vi)

Step 1 We will prove that for any x € R? and any ¢ > 0, we have

lim  EY|us(t,x) — u(t,z)|P = 0, (4.4)
£,000

for all p > 2, where u(¢, x) is defined in (4.2). Notice that
p
EY | (t,2) — ult, )" = BV |BP (£(Bf) [exp (Vi) — exp (Vi) )|

p
1712 B exp (Vi) = exp (Vi)

)

IN

where V, , is defined in (3.4). Since exp (thf) converges to exp (V; ;) in prob-
ability by Theorem 3.1, to show (4.4) it suffices to prove that for any A € R

sup E exp (M/tff) < 0. (4.5)
€,0

12



The estimate (4.5) follows from (3.3), (3.7), and (3.10):

s 2
H

A2 tort <. \2H, 2
< FEexp|—=C |1 — s|2H0~2 | X} — X7 Tdrds
2 JoJo i=1

< 0. (4.6)

Eexp ()\fo) = Fexp <)\; H

Step 2 Now we prove that u(t, z) is a weak solution to Equation (1.1) in the
sense of Definition 4.2. Suppose ¢ is a smooth function with compact support.
We know that,

/Rd uO(t,x)p(x)de = f( x)dx — f/ /Rd —A)2 p(x)dzds
/ /Rd (x)We° (s, x)dsdz. (4.7

Therefore, it suffices to prove that

lim/ / )We‘ssxdsdx*/ / (s,x) W(ds, dx),
£,610 R4 Rd

in probability. From (4.7) and (4.4) it follows that fot Jpa w2 (5, 2)p(2) W (5, ) dsdw
converges in L? to the random variable

G= u(t, z)p(z)dr — f( x)dx + = / /]Rd (t,x)(—=A) % p(z)dzds

Rd

as € and ¢ tend to zero. Hence, if

= t u (s, z) — u(s,x )W (s, z)dsdx
Bos= [ ] (9 0.0) —u(s.2)) ()5 (s, 2)dsd

converges in L? to zero, then

// (s,2) W‘Eédsdx—// )Wa‘sdsdx— -~
Rd Rd

converges to G in L2. Thus u(s, z)p(z) will be Stratonovich integrable and

//]Rd 8,) W(ds,dz) =G,

which will complete the proof. In order to show the convergence to zero of
B, 5, we will express the product (u(s,z) —u(s,z))We°(s,z) as the sum of a

13



divergence integral plus a trace term (see (2.4))
(03 (5,2) = uls, 2 s, )
/ [ @ (s.) = s 0)pals = et = W,
(D(u (5,2) —u(s, ), ea(s — pe(e — .

Then we have

B.; = // PEIOW,...
]Rd

/ /d S9(s,2) —u(s, ), os(s — )pe(x — -))pdsdz
R
= 5 + B (48)
where
t
— [ ts0) — als.o)e()es(s - rpe(a — 2)dsd,
0 Jrd
and §(¢=%) fo fRd o Y§W,. . denotes the divergence or the Skorohod integral

of ¢€5

Step 3 For the term B! 5 we use the following L? estimate for the Skorohod
integral

E[(B: )] < E(ll6°°13,) + E(I1D6™° |359) - (4.9)

The first term in (4.9) is estimated as follows

BB = [ [ [ Bl - uts. a0, — )]

x@(@)p(y){ps(s — )pe(x — ), ps(r — )pe(y — -))udsdxdrdy. (4.10)

Using Lemmas 7.4 and 7.5 we can write

(@s(s = Ipe(w —-), 05(r — Ipe(y — -))n

= agy (/ ws(s —o)ps(r —7)|o — T|2H0_2d0'd7'>
[0,]2

d
X (/ p5($ - Z)ps(y - ’U)) H |Zi — wi|2Hi_2dzdw>
R2d

i=1

d
< C’\s—r|2H°_2H|x—y\2H7"_2, (4.11)

for some constant C' > 0. As a consequence, the integrand on the right-hand
side of Equation (4.10) converges to zero as € and 0 tend to zero for any s, 7,
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x, y due to (4.4). From (4.6) we get

sup sup sup E (ué";(s,x))2 < |IfI%, sup sup sup Eexp (2VE2) < cc.
£,0 z€R40<s<t €, z€Rd 0<s<t ’

(4.12)
Hence, from (4.11) and (4.12) we get that the integrand on the right-hand side
of Equation (4.10) is bounded by C|s — r|*H0=2 H?Zl |z; — yi|?i=2, for some
constant C' > 0. Therefore, by dominated convergence we get that E(||¢%°||%,)
converges to zero as € and J tend to zero.

Step 4 On the other hand, we have
D(u=(t, ) = BX | f(X]) exp(VE)ATS|

where A5 is defined in (3.2). Therefore,

t,a

E(D(u=*(t,2)), D(u= (t,)))u

EYEX (X} +2) f(X} +2)

x exp(V (X1 + VE (X)NAZS (XY, ALY (X)), (413)
where X! and X2 are two independent d-dimensional symmetric a-stable Lévy

motions, and here EX denotes the expectation with respect to (X!, X?). Then
from the previous results it is easy to show that

Jim E(D (™ (t,x)), D(u (t,2)))

= E[f(X] +a)f(X} +2)

2 t ot d
op _ i $12H, —
xexp | —- E / / |s — p|*Ho=2 I | | X704 — Xk )2Hi=2 sy
o Jo 1

j,k=1
t ot d _ )
xaH/ / s —r[PHo 2 T I X2 — X2/ PHi2dsdr| . (4.14)
0 Jo i=1

This implies that u*?(¢,z) converges in the space D2 to u(t,z) as | 0 and
€ 0. Letting &/ = ¢ and ¢’ = ¢ in (4.13) and using the same argument as for
(4.12), we obtain

sup sup sup £ ||D(UE’6(5J))H1 < o
£,0 xeR4d 0<s<t

Then

E| D¢

2 = t t u(s. 2) — u(s,x ws(r, 1) — u(r
bow = [ ] [ BO@S60) = us.0). D) — )
x@(@)p(y){ps(s — )pe(x — ), ps(r — )pe(y — ) ndsdrdrdy

15



converges to zero as ¢ and § tend to zero. Hence, by (4.9) le,a converges to
zero in L? as € and 6 tend to zero.

Step 5 The second summand in the right-hand side of (4.8) can be written as

B = [ [ o@D - s w). pals el — s
- [ / (F(X7)exp (VEP) (A5 (s — Jpele — )
/ / FOXE exp (Vi) (0K — ), s — palir — ) dda
where
Akl = [ [ |T_U2Ho—ziljl|yi_zi|zm—z
xps(s — r)po(XF — )

(s —7)pe
X@s(s — v)pe(x — 2)dydyzdrdrdv,
and
(O(XT . =), ps(s = )pe(x —))m

d
= aH/ / 2H“_Ql_[|Xﬂ” —yi|2Hi_2g05(7"—v)pg(x—y)dydvdr.
[0,s]? JR® i—1

Lemma 7.4 and Lemma 7.5 imply that
(A2, ps5(s — Ipe(m — )3 < C/ 2Ho— 2H|X1\2H —24r, (4.15)
and
(B(B2_. — ), pals — Ipe(w — Nw < C / 2H0- 2H|X1\2H “dr, (4.16)

for some constant C' > 0. Then, from (4.15) and (4.16) and from the fact that
the random variable [ r2#0=2 H?:1 | X |2Hi=2dr is square integrable because of
Lemma 7.6, we can apply the dominated convergence theorem and get that BS’ s
and B; s converge both in L? to

s d
aH/ / < (X7) exp (Vs, )/ r2H°_2H|Xf;|2Hi_2dr> dsdz,
R4 0 -

i=1
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as ¢ and ¢ tend to zero. Therefore Bg, s converges in L? to zero as € and ¢ tend

to zero. This completes the proof. m

Remark. The uniqueness of the solution remains to be investigated in a

future work. The definition of the Stratonovich integral as a limit in probability

makes the uniqueness problem nontrivial, and it is not clear how to proceed.
As a corollary of Theorem 4.3 we obtain the following result.

Corollary 4.4 Suppose 2Hy + 1 Zle(2Hi —2) > 1. Then the solution u(t,x)
given by (4.2) has finite moments of all orders. Moreover, for any positive
integer p, we have

E (u(t,z)?) = E(Hf(xg' + ) (4.17)
j=1

P t gt d
e} . 12H,
X exp TH > / / s — r[PHo2 T 1X27 — X P PHe2dsdr ) ,
j k=170 0 i=1
where Xq,...,X, are independent d-dimensional standard symmetric a-stable

Lévy motions.

5 Holder continuity of the solution

In this section, we study the Holder continuity of the solution to Equation (1.1).
The main result of this section is the following theorem.

Theorem 5.1 Suppose that 2Ho + 1 Z?Zl(QHi —2)>1 and let u(t,x) be the
solution of Equation (1.1). Then u(t,x) has a continuous modification such
that for any p € (0,%) (where k has been defined in (3.9)), and any compact
rectangle I C Ry X RY there exists a positive random variable K; such that
almost surely, for any (s,x), (t,y) € I we have

u(t,y) —uls, z)| < Ki(|t — s + |y — 2|*7).
Proof The proof will be done in several steps.

Step 1 Recall that V;, = fot Jga 0(XF_ . — y)W (dr,dy) denotes the random
variable introduced in (3.4) and

u(t,r) = EX (f(X7)exp (V(ta)) -
Set V=V, , and V = V;,,. Then we can write
EY |u(s, x) — u(t,y)|" = BV |EX (¥ — )|
< EW (EXHV _ V|err1ax(V,\7)])P
< EW [(EXe2 Inax(V,V))p/Q (EX(f/ . V)Z)p/Z]

< [EWEX€2p max(V,V)] 3 [EW (EX(‘N/ _ V)Q)ZD] )

Nl=

17



Applying Minkowski’s inequality, the equivalence between the L? norm and the
LP norm for a Gaussian random variable, and using the exponential integrability
property (3.10) we obtain

=

EVu(s,x) — u(t,y)|P < C[EV (EX(V - V)?)"]
< C,[EXEY|V - VAP, (5.1)

In a similar way to (3.5) we can deduce the following formula for the conditional
variance of V —V

s s d
EV|V —V|? = agEX / / |1 — v|*Ho=2 H IXi - X1 PP 2drdy
0 Jo i=1
t ot d ) )
—|—/ / |rr — v|2Ho=2 H X7, — X! P 2drdy
0 /o i=1

s t d
—2/ / \r—v|2H°72H|X§_r — X}, —y¢2Hi2drdU>
070 i=1

= apgC(s,t,z,y). (5.2)

Step 2 Fix 1 < j < d. Let us estimate C(s,t,z,y) when s = ¢, and x; = y;
for all ¢ # j. We can write

t ot d

C(t,t,z,y) :2/ / =" T B2 B (162172 = |2+ &7 2) drdw,
0 /o i#j

(5.3)

Ly{ and ¢ is a standard a-stable variable. By Lemma 7.7 the

o

where z =

lr —wv
factor E(|¢*i72 — |z + ¢|?"572) can be bounded by a constant if |r — v| <
(z; —y;)*, and it can be bounded by Cla; —y;|2|r —v| =& if [r—s| > (x; —y;)*
In this way we obtain

Ct,t,z,y) <C |r —v|"tdrdv
{0<rv<t,|r—v|<(z;—y;)7}

+Clz; — y;|? [r = v|* 1 S drdy
{0<rv<t,|r—v|>(z;—y;)*}
< Clzj —y;|™".

So, from (5.1) we have

EY[u(t, ) — u(t,y)[” < Clz; -y 2. (5-4)
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d

1=

Step 3  Suppose now that s < t, and x = y. Set § = éz
have

1(2H¢—2). We
C(s,t,z,x)

t ot
//|r7v\”71drdv

s t
+/ / |r—v|2H°72(|r—v\5— |r—v+t—s|5)d7‘dv
o Jo

=C

The first integral is O((t — s)**!), when t — s is small. For the second integral
we use the change of variable ¢ = v — r,v = 7, and we have

s t
/ / |7“—’U|2H0_2(|7”—’U|6—|7“—’U—|—t—8|5)d’l"d1}
o Jo
S S
S/ dT/ |0|2H°_2||U\5— |0’+t—8|6’d0'
0 —t
:t{/ o*H072(g% — (o +t—5)°)do
0
s—t
+/ (—0) 02 ((—g —t +5)° — (—0)°)do

t

+ /0 (-O’)2H0_2’(—J)6 —(c+t— s)5|d0

—t

=t[A"+ B’ + C"].

For the first term in the above decomposition we can write

s

s (t B 3)"5 /t—‘s O_QHO,Q(O_(S _ (O’ + 1)5)d0-

0

< (t— s)“/ oH0=2(g% — (o + 1)5)da
0
<C(t—s)",
because 2Hy — 2 4+ § — 1 < —1. Similarly we can get that
oo
B < (t-— 8)“/ o 072(g% — (0 +1)%)do.
1
At last,
t—s
C'S/ o?H02(0% 4 (t — s — 0)%)do = C(t — s)".
0

So we have ‘
EWu(s, ) —u(t,y)|P < C(t — s)2P. (5.5
5

)
Step 4 Combining Equation 5.4 and Equation 5.5 with the estimates (5.1)
and (5.2), the result of this theorem now can be concluded from Theorem 1.4.1
in Kunita [13] if we choose p large enough. m
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6 Skorohod type equations and chaos expansion

In this section we consider the following heat equation on R%

ou o art
a7 = (A Butuo gl W (6.6)
u(0,7) = f(z).

The difference between the above equation and Equation (1.1) is that here we
use the Wick product ¢ (see [12], for example). This equation is studied in [10]
in the case H; = --- = Hy = 1/2. As in that paper, we can define the following
notion of mild solution.

Definition 6.1 An adapted random field u = {u(t,z),t > 0,7 € R?} such that
E(?(t,z)) < oo for all (t,z) is a mild solution to Equation (6.6) if for any
(t,x) € [0,00) x R?, the process {qi—s(x — y)u(s,y)1pg(s),s > 0,y € R?} is
Skorohod integrable, and the following equation holds

u(t,z) = q f(x) + /0 /]Rd Gi—s(x — y)u(s, y)dWs 4, (6.7)

where qy(x) denotes the density function of Xy and quf(x) = [pa q:(x—y)f(y)dy.

As in the paper [10] the mild solution u(t, ) to (6.6) admits the following
Wiener chaos expansion

u(t,m) = Zln(fn('vtax))7 (68)
n=0

where I,, denotes the multiple stochastic integral with respect to W and f,, (-, ¢, x)
is a symmetric element in H®", defined explicitly as

1
fn(slay17'~~vsn7ynat7x):ﬁ (69)
th—sa(n) (ZL‘ - ya(n)) v q50(2)—50(1) (ya(2) - ya’(l))qsa(l)f(ya(l))'
In the above equation o denotes a permutation of {1,2,...,n} such that 0 <
So(1) <+ < Sg(n) < t. Moreover, the solution if it exist, it will be unique

because the kernels in the Wiener chaos expansion are uniquely determined.
The following is the main result of this section.

Theorem 6.2 Suppose that 2Ho+ = 2?21(2.7{1-—2) > 1 and that f is a bounded
measurable function. Then the process

u(t,z) = EX

P e ( | [, —pwianay

1 topt a R
fiaH/ / - sHo2 T | X3 - xi*™ 2drds>](6.10)
070 i=1

is the unique mild solution to Equation (1.1).
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Proof ;From Theorem 3.3, we obtain that the expectation EX in Equation
(6.10) is well defined. Then, it suffices to show that the random variable u(t, x)
has the Wiener chaos expansion (6.8). This can be easily proved by expanding
the exponential and then taken the expectation with respect to X.

Theorem 3.1 implies that almost surely (X7 . — -) is and element of
‘H with a norm given by (3.4). As a consequence, almost surely with respect
to the stable Lévy motion X, we have the following chaos expansion for the
exponential factor in Equation (6.10)

¢
exp ( | [ s, pwiany)
0 Jre
1 bt d ; 12H;—2
_iaH/ / |r—s|2H0_2H{Xﬁ—X;| ! drds) ZZIn(gn),
0 Jo pale}

where g,, is the symmetric element in H®" given by

1
gn(slayh ey STLvynat7x) = E 5(Xf—sl - yl) T 6(th—sn - yn) . (611)

Thus the right hand side of (6.10) admits the following chaos expansion

u(t,z) = %In(hn(~,t,x)), (6.12)

n=0
with
hn(t7x) = EX [f(th)(s(Xg:sl - yl) T 6(thfsn - yn)} . (613)

This can be regarded as a Feynman-Kac formula for the coefficients of chaos
expansion of the solution of (6.6). To compute the above expectation we shall
use the following

BX[FX08E = pIF] = [ (XD = ()3~ )
= q-s(XJ—y)fy). (6.14)
Assume that 0 < s,(1) < -+ < 84(») < t for some permutation o of {1,2,--- ,n}.

Then conditioning with respect to F;—;_,, and using the Markov property of
the Lévy motion we have

ho(t,z) = EX{EX[6(X{,, = Yo(m)
X ---6(Xf_sa(1) - ya(l))f(Xf)‘ft—sam”
= EX |:6(th;so_(n) - ya(n)) e 6(thfsa(1) - ya(l))qsﬂ(nf(Xt‘T;SU(l))
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Conditioning with respect to F;_s, , and using (6.14), we have
hat,z) = EP{BY[0(Xi—sz  — Yon))
X(S(Xf—sgu) - 0(1))q56(1)f( 3—80(1))] ’ft—sa@)}

= EX {6(th§(n) - yo(n)) e 5(thfsa(2) - yU(Q))
xE* [5(th So(1) yﬂ(l))anmf(Xg*Sul))V:t*S"(z)] }

5(Xt sT ya(n)) 5(X£E—Sa(2) - yU(Q))

XpSU(Z)_So(l)(th—SU(z) - ya(l))an(l)f(ya(l))] .

Continuing this way we shall find out that

hn (ta IE) = Qt—s(,(m (l’ - ya(n)) e QSU(2>—SU(1) (yU(Z) - yo’(l))qsu(l) f(ya(l))

which is the same as (6.9). m
Remark. The method of this section can be applied to obtain a Feynman-Kac
formula for the coefficients of the chaos expansion of the solution to Equation

(1.1):

o0

1
u(t,x) = Z Eln(hn('atvx)%
n=0 "
with
hn(ta-r) = EX f(th)é(XtT s1 yl) 6(Xtr Sn y")

X exp <;ozH/ / |1 — s|2Ho~ 21_[|XZ XZIQH drds)].
i=1
(6.15)

From the Feyman-Kac formula we can derive the following formula for
the moments of the solution analogous to (4.17).

E (u(t, z)P) <Hfﬁ+m

Jj=1
X exp |ap Z / / |s — r|2Ho= 21_[|XJZ Xk42Hi=2 sy ),
Jik=1,j<k
where p > 1 is an integer, and X7,1 < j < d, are independent d-dimensional

stable Lévy motions.
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7 Appendix
Lemma 7.1 For any deterministic sub-additive function a(t),t € RT, the e-

quality
lim ¢t~ 'a(t) = inf s~ a(s)
t—o0 s>0

holds in the extended real line [—00, 00).

Lemma 7.2 Suppose 0 < g < 1,e > 0,2 > 0, and that X is a standard normal
random variable. Then there is a constant C independent of x and € (it may
depend on [8) such that

Elz+eX|™? < Cmin(e ?,27F).
Proof It is straightforward to check that K = sup,s, E|z + X|™# < co. Thus
Elo+eX| P =ePEZ + X|P < Ke P (7.16)
€

On the other hand,

Elz+eX|7? = /Ix+ey| Fe”

|z + ey|™ Be~ dy

V2m </{|x+ey|>§}

"2
+/ |a:+6y|_5e_y2dy> i
{lz+ey|<5}

It is easy to see that the first integral is bounded by Cz~# for some constant
C'. The second integral, denoted by B is bounded as follows.

(z— x)
Cc- / |z|Pe dz< C- / |z|Pe” 862dz
\ \<l lz|<%

C’ e sz x B <Ccx b,
€

B

Thus we have E|z + ¢X|™# < C|z|~". Combining this with (7.16), we obtain
the lemma. =

Lemma 7.3 Suppose0 < < 1,¢e>0,a >0, and thatY is a standard symmet-
ric a-stable distributed random variable. Then there is a constant C' independent
of x and € (it may depend on B) such that

Elz+eY|# < CeP.

23



Proof
Elz +eY|™?
= [ Flloe 1P Hee T ag
R
= [ Flle: | He)ete 4 g
R
:/ 1]:{| . |—5}(§)eiw£e—lﬁlad§
R € €
:/1|§|B—1eiw£e—\f\“d§
R € €
6 [ |e-1e-lel" g
<t [ Jgteiarag
<Ce P
|

Lemma 7.4 Suppose o € (0,1). There exists a constant C > 0 , such that

SUP/ Pe(@1 + y1)per (22 + y2)|y1 — y2| “dyrdys < Clay — x|,
R2

€€’

Proof We can write

/2196(551 +y1)pe (T2 +y2)lyr — 2| “dyrdy, = E (|eX) — a1 — €' Xo + 20| 77) .
R
Thus Lemma 7.4 follows directly from Lemma 7.2. m

Lemma 7.5 Suppose o € (0,1). There exists a constant C > 0 , such that
t ot
sup/ / w5t — 81— 11)sr (t — 82 — 1r2)|r1 — 12| " Vdridre < C|sy — s2|™¢
§,0" Jo Jo
Proof  Since

2 1

i
po(@) 2 ps(@)j0,v5) (@) = =se o vy (@) 2 He ().

the lemma follows from Lemma 7.4. =

Lemma 7.6 Suppose that 2H, + éZ?ﬂ(?Hi —2) > 1. Let X',..., X% be
independent one-dimensional symmetric a-stable Lévy motion. Then we have

t d 2
E </ g2Ho=2 H |X§|2Hi2ds> < 0.
0

i=1
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Proof We can write

t d 2 t ps
E / 82H0—2H|X;'|2H7‘,—2d8 — 2/ / (5T)2H0_2
0 =1 0o Jo

d
x [T E(XPT2 X012 2) drds
i=1
Let Y be a standard symmetric a-stable distributed random variable. ;From
Lemma 7.3, taking into account that 2 — 2H; < 1, we have when r < s,

% i— i i _ i i— 1 i— )
E(er|2H 2|Xs‘2H 2) - EHXT|2H 2E[‘(3—’r‘)ay+x|2H 2|w:X,ﬁ,H
< CE[XIPH (s —r) )
2H; -1 20,2
< Cr o (s—r) = . (7.17)

As a consequence, the conclusion of the lemma follows from the fact that
t s
/ / T2H072+é zle(zHﬁz)szHofz(s . r)i 27:1(2H172)d7,d5 < o0,
o Jo

because 2Hy — 2 + éZle@Hi —2)>—1and éZ?:1(2Hi -2)>-1. m
Lemma 7.7 For any 0 < 8 <1,
E(€7% = |y +¢77) < Cmin(1,5%),

for some constant C > 0, where y > 0 and £ is a standard symmetric a-stable
random variable.

Proof  Notice first that E(|¢|77 — |y + & 7#) < C where C' > 0 is a constant,
since limy_,oc Ely +£|7* = 0.
On the other hand,

B(lg77 —ly+¢77)
= [FU - e g

:(j/ |§‘ﬁ—1e—\£\“(1 _ eiyﬁ)d§

R

—c / €8~ Le1€I" (1 — cos(ye))de
R

<c / €5 EIy2e2 g
R
<Cy?
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