Test #2 (Spring 2025) Name:
Do all problems and give the process of your solution.

1. (15 points). Find equation for the tangent plane to the surface 22 +2y?+22+yz = 3
at the point (1,1, —1).

Solution. Let F(x,y,2) = 2% 4+ 2y? + 2° + yz. VF(z,y,2) =< 21,4y + 2,22 + y >.
Thus, the normal vector is

n=VF(1,1,-1)=<2,3,-1>

The equation of the tangent plane: 2(z — 1) +3(y —1) — (2 +1) =0. Or

20 +3y —2z=6
. 1
2. (20 pOll’ltS). Let f(ZE,y,Z) = m

(a). Find the maximum rate of change of f at the point (1,1, 2) and the direction in
which it occurs.
Solution. )

Vf=-— @12 1 ) (2x,2y,22)

The direction of the maximum rate

vf(L 172) = _%<27274>

and the maximal rate is
1 \/24
Vi,1,2)||=—=v22+22+42= ——
IV£(,1,2)] = 5oV + 22+ 42 = Y2

(b). Find the direction derivative of f at the same point (1,1,2) in the direction of
the vector v = (1,2,2)

Solution. the unit vector u in the direction of v:

1 12 2
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Thus,

1 12 2 7
D.f(1,1,2) = 1,1,2) - u=——(2,2,4) - (=, =, Z) = ——
f1L1,2) = VL 12) - u= = (2,24) - (5, 5. 3) = — =

3. (15 points). Find the area of the part of the surface z = 2% + y? that lies under
the plane z = 1.



Solution. Let S be the requested area and D = {(z,y)|z? + y* < 1}.
0z\2 0z\2
= 1+ (=— — ) dA = V14422 4+ 4y2dA
//D\/+<6x)+<8y> /D Tty
27 1 1
= / / V1+4r2rdro = 27?/ V 1+ 4r2rdr
o Jo
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4. (15 points). Find the volume of the solid under the surface z = zy and above the
region enclosed by the curves y = z and y = /.

v [ ayaa- // xydyda:—2/
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Solution.

L|VE
dx

x

5. (15 points). Evaluate /// xdV ', where F is bounded by the planes x = 0, y = 0,
E
z=0and x+y+2z=1.
Solution. Let D = {(z,y)|lr +y <1, z,y > 0}. By Fubini theorem

///fcdv //Ulwxdz}dA // 1—:,;— dA
:/0 IUO [1-=- ]dy}d‘”—/o {(1—w)2——y (y - x]dm
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6. (20 points). Use Lagrange multiplier to find the maximum and minimum values of
the function f(z,y,2) = 2z + 4y + 4z subject to the constraint z2 + y? + 22 = 1.

Solution. Vf(x,y,2) =< 2,4,4 >, Vg(x,y,2) =< 2x,2y,2z >. We solve

2= X\2zx

Vf(x,y,Z) = )\Vg(x,y,z) 4 — )\2y
or

2402 4,2 =1 4= X2z
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1 2 2 1 2 2
f( >::2><—+4><—+4><—:6

333 3 3 3
f<—1,—g,—z) ::2><l—4><2—4><2:—6
37 3 3 3 3 3

So the maximal value is 6, the minimal value is —6.



