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ABSTRACT. We prove that under mild assumptions on the surface, the Bounded
Geodesic Image Theorem holds for the graph of non-peripheral curves associated
with a surface of infinite type. Specifically, suppose that an infinite type surface ¥
is stable and of sufficiently high end-complexity. Let Y C ¥ (compact or otherwise)
be an non-peripheral subsurface that is disjoint from at least one non-peripheral
curve. Then there exists a uniform M > 0 such that any geodesic segment in
the graph of non-peripheral curves on ¥ that cuts Y projects to a set of diameter
bounded above by M in the non-peripheral curve graph of Y.

1. INTRODUCTION

The curve graph [Har81, MMO98-1] has played a central role in the large-scale
study of mapping class groups and Teichmiiller spaces. In the finite-type setting,
Masur and Minsky introduced subsurface projections and established the bounded
geodesic image theorem, one of the foundational tools of the hierarchical approach
to mapping class groups. After this seminal result, Webb [?], among others, gave
a short proof of the bounded geodesic image theorem using the hyperbolicity of
the curve graph, and emphasized that geodesics in the ambient curve graph have
uniformly bounded projection to any proper subsurface that every vertex of the
geodesic cuts.

For infinite-type surfaces, one seeks analogous coarse-geometric structures, but the
classical curve graph is often too small from the large-scale perspective: in many
infinite-type cases the usual curve graph has finite diameter, so it cannot detect
any interesting unbounded geometry of the mapping class group. This difficulty has
led to the search for alternative hyperbolic graphs adapted to big mapping class
groups, such as the Sep,-curve graph [DFV18], the grand arc graph [BNV23] and
the Bestvina-Bromburg-Fujiwara complex of curve graphs of images of a nondis-
placeable subsurface [HQR22], among many others. One such recent construction is
the non-peripheral curve graph [BQR26] C,,(X), whose vertices are essential simple
closed curves that cannot be pushed via homeomorphism out of every compact sub-
surface and whose edges given by disjointness. For a stable, infinite-type surface 3
with CB-generated Map(X) and sufficiently large end-complexity ((X), this graph
is connected, has infinite diameter, is Gromov hyperbolic, and admits an action on

Map(2) with unbounded orbits.
1
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In this paper, we establish the bounded geodesic image theorem for non-peripheral
curve graphs of infinite type surfaces. Beyond its intrinsic interest, this theorem is
a basic ingredient in hierarchical structures [BHS21], distance formulas [MM98-I,
MMO98-11I], and the study of quasi-geodesics, and it provides a precise way to say that
geodesics which remain visibly engaged with a subsurface cannot make unbounded
progress when projected to that subsurface.

In the infinite-type setting, the relevant subsurfaces for a proper generalization
of Bounded Geodesic Image Theorem should be non-peripheral and should be dis-
joint from at least one non-peripheral curve (i.e. the subsurface is proper in a
non-peripheral sense). Furthermore, to construct the non-peripheral graph in a sub-
surface, we only consider mapping classes in ¥ that acts on Y (Definition 3.4). The
associated non-peripheral graph we denote as Cp,(Y>). Our main theorem is the
following:

Theorem 1.1 (Bounded Geodesic Image Theorem for Non-Peripheral Curve Graphs).
Let 35 be a stable, infinite-type surface such that ((X) > 5. Let Y C X be a subsur-
face of ¥ such that'Y is non-peripheral in ¥ and Y 1is disjoint from a non-peripheral
curve. where at least one boundary component of Y is a non-peripheral curve in X
and Y. In addtion, if Y is infinite type, ((Y') > 5.

Then there ezists a constant M = M(X) such that if

g=(7,--n)

is a geodesic in Cyp(X) such that every vertex v; cuts Y, then the subsurface projec-
tion of g to' Y produces a set in Cy,(Y*) that has diameter at most M.

The end complexity (=) of an infinite type surface is introduced in [BQR26] and
recalled in Definition 2.6. The assumptions on the end-complexity of S and Y and
the complexity of finite type subsurface is to ensure that the associated graphs are
connected and d-hyperbolic.

From the definition of Cp,(Y>) ()We note the following cases for the curve graphs
of the subsurfaces we may consider:

e If Y is annular, then let Cy,(Y*) denote the annular arc graph of Y.

e If Y is compact and and 3g(Y) — 3+ b > 5, then C,,(Y*) = C(Y).

e If Y is a surface of infinite type, then suppose ((Y) > 5 and consider Cy,,(Y*)
as defined in 3.5.

Secondly, we note that in order to construct C,,(Y>), we do not isolate Y as an
abstract surface but instead consider all homeomorphisms in Map(X) and whether
the curves of Y can be moved to infinity in Y by these homeomorphisms (See
Definition 3.4). Consequently, when Y is a compact subsurface, Cy,,(Y*) is precisely
the curve graph of Y (see ??). Therefore our main theorem can be viewed as
an infinite-type analogue of the Masur—-Minsky bounded geodesic image theorem,
with the Masur-Minsky curve graph replaced by Cy,(X). In the finite type setting,
the bounded geodesic image theorem expresses a fundamental form of hierarchical
control. In our setting, it shows that although C,(X) is built from curves on an
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infinite-type surface, its geodesics still obey strong subsurface constraints once one
restricted to the non-peripheral part of the topology.

The proof combines two inputs. As classically shown in [MM98-1], bounded pro-
jection is ultimately a consequence of the incompatibility between geodesicity in the
ambient graph and large projection to a proper subsurface. We adapt the beautiful
and short proof of [?], where any curve can be surgered to become an «a-f loop.
The surgeries we use are different as our resulting curves need to be non-peripheral.
But the key idea remains the same: via these surgeries we create a coarse projection
from any point in the curve graph to a bounded-constant quasi-geodesic segment
with endpoints o and 5. The second ingredient is [BQR26] which argues that non-
peripheral curves and subsurfaces provide the correct replacement curve graph in
the setting of big mapping class groups, and proves hyperbolicity of Cp,(X).

1.1. Acknowledgments. We thank Richard Webb for his generous help through-
out the project and we thank Kasra Rafi for helpful conversations. Yulan Qing is
supported by Simons Foundation grant [SFI-MPS-TSM-00014066, Y.Q.]

2. PRELIMINARIES

Throughout the paper, all surfaces are assumed to be connected and orientable
unless explicitly stated otherwise. A surface is a second-countable Hausdorff 2-
manifold. For a surface 3, we write g(X) for its genus, E(X) for its end space,
and E9(X) C E(X) for the subspace of ends accumulated by genus. Assuming
that the surface is without boundary, by Richards’ classification theorem [RI63], the
homeomorphism type of ¥ is determined by the triple

(9(%), B(2), E(%)).

The mapping class group of X, denoted Map(X), is the group of isotopy classes
of orientation-preserving homeomorphisms of 3.

A surface S is said to be of finite type if its fundamental group m;(S) is finitely
generated. If S has finite type, its complexity is

§(5) = 39(5) =3 +p,

where p is the number of punctures of S. In this paper, we will customarily use
¥ to denote a surface of infinite type surface and consider its end-complexity ((X)
[BQR26] which we recall in Definition 2.6.

A subsurface Y C X is a closed, connected subset of ¥ whose boundary consists
of pairwise-disjoint, essential, simple closed curves. In particular, no boundary com-
ponent of Y is an infinite arc. A priori, Y itself can be either a surface of finite
type or infinite type and with a finite or infinite number of boundary curves. For a
subsurface Y C 3, then the inclusion Y < ¥ induces an embedding of end spaces,
and we denote its image by E(Y) C E(X).
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2.1. Curve graphs and non-peripheral curves. Let X be a surface. A simple
closed curve on ¥ is essential if it does not bound a disk, a once-punctured disk, or
a boundary component.

For a finite-type subsurface Y C ¥, we write C(Y') for the usual curve graph of
Y. its vertices are isotopy classes of essential simple closed curves in Y, and two
vertices are joined by an edge if they admit disjoint representatives.

The geometric intersection number between free homotopy classes a and b of sim-
ple closed curves on a surface S is defined to be the minimal number of intersection
points between each pair of representative curves o € a and 5 € b:

i(a,b) :=min{|laNp|: o € a, B € b}.

We sometimes employ a slight abuse of notation by writing i(«, 3) for the inter-
section number between the homotopy classes of simple closed curves o and 5.

Definition 2.1 (Minimal position). In practice, one computes the geometric inter-
section number between two homotopy classes a and b by finding representatives a
and [ that realize the minimal intersection in their homotopy classes, so that

i(a,b) = lanpl.
When this is the case, we say that a and 8 are in minimal position.

Definition 2.2 (General position). We say a collection of essential, simple closed
curves {7;} is in general position if they are pairwise in minimal position and have
no triple points. Le. for distinct i, j, k, we have that v; N y; Ny = 0.

We now recall the class of curves relevant to the coarse geometry of big mapping
class groups.

Definition 2.3 (Non-peripheral curve). An essential simple closed curve o on X is
non-peripheral if there exists a compact subsurface K, C ¥ such that

fla)NK, # @
for every f € Map(X).

We can say that K, is an anchor for the non-peripheral curve a. Ap riori, K,
depends on the curve . However, we can establish that this dependance is not
necessary.

Lemma 2.4 (Universal anchor). There exists a compact set Ky such that for any
non-peripheral curve o we have that Vf € Map(X)

KoM fla) #10

In fact, one can take K{ to be big enough such that the associated

Vi, = {¢ € Map(2) : |k, = id
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is a Coursely Bounded (CB)-generating set. We will assume K to be the surface
associated with a fixed CB-generating set from now on and we refer to Ky as the
universal anchor. See [MR23] for a description of CB-generating sets.

An equivalent formulation for the definition of non-peripheral that we will employ
is often simpler to check:

Lemma 2.5 (Sufficient conditions for non-peripheral curves). An essential curve
a 1s non-peripheral if X~ has two connected components and neither component
contains exactly one maximal end. (See [BQR26])

End-complexity of surfaces of infinite type. If S is a finite type surface, we
then denote the surface as S, ,, where g is the number of geni and n can be thought of
the number of boundary components are punctures or as the number of equivalence
classes of maximal ends. Recall the complexity of the surface S is defined as

X(S)=3g—3+n.

However, when ¥ is of infinite type, 3g — 3 + n is frequently infinite. In this case we
use instead the following characterization of complexity for infinite type surfaces.

Definition 2.6 (End-complexity). We now recall {(X) [BQR26, Section 2.5, Def-
inition 2.3], which measures the “end-complexity” of ¥ in a way that is tailored
to the CB setting. Concretely, ((X) is defined using the minimal anchor surface
(a nondisplaceable surface that defines a CB-generating set) K, [MR23] where this
stabilizer of K| is a CB subgroup of Map(X).

One should think of {(¥) as an analogue of the finite-type complexity parameter
“number of boundary components” (or punctures), which strongly influences the
coarse geometry of Map(S) for finite-type surfaces. We show that ((X) predicts
several coarse-geometric features of Map(X).

Definition 2.7. We say a clopen subset X C E(X) is small if there exist A € A
and g € Map(X) such that g(X) C A. Since every P € P fits inside some A € A, if
g(X) C P then X is also small.

We now construct the combinatorial graph for this set of curves.

Definition 2.8 (Non-peripheral curve graph). We denote the non-peripheral curve
graph of ¥ as by C,,(X). Its vertices are isotopy classes of non-peripheral, essential,
simple closed curves, and two vertices are joined by an edge if they admit disjoint
representatives.

The following result provides the hyperbolicity of the ambient graph in which we
work.

Theorem 2.9. [BOQR26, Theorem A] Suppose that X is a stable, infinite-type surface
and that either E(X) contains at least five maximal ends or 3 has finite positive
genus at least two. Then C,,(X) is connected, has infinite diameter, and is Gromov
hyperbolic.
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Furthermore, we list more condition that yields non-peripheral curves.

Lemma 2.10. ([BQR26, Lemma 4.4]) Let ¥ be a connected, orientable surface of
finite type.
(1) If « is a separating peripheral curve then for some component ¥’ of ¥ — «
the clopen set E(X') C E(X) is small (in the sense of Definition 2.7).
(2) If « is non-separating, then « is peripheral if and only if 2 has infinite genus.

3. THE BOUNDED GEODESIC IMAGE THEOREM

An essential subsurface is a subsurface that is not homeomorphic to a disk. Fur-

thermore, we recall the analogous definition of annon-peripheral subsurface form
[BQR26].

Definition 3.1. A subsurface Y is emphnon-peripheral if there exists a compact
subset K C ¥ such that for any g € Map(X)

gY)NK =0.

Let ¥ be a connected, stable surface of infinite type with £(S) > 5. Assume
Map(2) is CB-generated. Let Y be any infinite-type, essential, proper subsurface
of ¥ such that

x Y is non-peripheral and is disjoint from a non-peripheral curve.

Furthermore, we assume that ((Y) > 5, otherwise Cy,(Y*) is not guaranteed to be
connected.

Another observation we have is, if a curve is peripheral in Y then it is peripheral
in Cpp(X), as an homeomorphism of Y can be realized as homemorphism of ¥. In
general we note that Cy,,(Y) ¢ C,p(X), ie. there may be curves non-peripheral in
Y by not non-peripheral in Y. See the following example.

Example 3.2. The C,,,(X) of a flute surface is an empty graph. The subsurface
that is one-side flute with a boundary component has non-empty non-peripheral
curve graph.

3.1. Subsurface projection in surfaces of infinite type. Suppose anNY # (). It
follows that « intersects only finitely many components of Y since « is contained in

a compact subsurface of Y. We now recall subsurface projection from Masur-Minsky
[MM9S8-1T].

Definition 3.3 (Subsurface projection). Let S be an orientable surface, let Y C S

be an essential subsurface, and let a be an essential simple closed curve on S.

Non-annular case. Assume that Y is not an annulus. Put o and 9Y in minimal
position and call 9Y = {v,72, ...}

e If o can be isotoped disjoint from Y, define

Ty () = .
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FIGURE 1. These are the two cases of the subsurface projection
surgery. An arc a C Y Na can intersect one component of 9Y twice or
two components of Y once each. We take the regular neighborhood
of a unioned with the boundary components it has endpoints on and
consider all non-peripheral and essential curves in the neighborhood.
Ty («) is the set of all such curves for all arcs a.

e If @ C Y then define 7y (a) = a.

e Otherwise, consider the arcs of a N'Y. For each component a of a NY, a
can either have two endpoints on one boundary component v; or have one
endpoint on two boundary components v; and +;, since an arc that enters
Y must exit Y and can either do so through the same boundary component
that it entered through or a different boundary component. Then,

N(aU~;) or N(aU~; U~v;)

are respectively closed regular neighborhoods of @ and the boundary com-
ponent(s) it has endpoints on in Y. Define my () to be the set of isotopy
classes of essential boundary components of this neighborhood, taken over
all such essential arcs a C aNY.

Annular case. Assume that Y is an annulus with core curve 7. Let
Py - gy — S

be the annular cover corresponding to the subgroup (y) < m(S). Compactify Sy
to a closed annulus. If o has lifts joining the two boundary components of this
compactified annulus, define 7y («) to be the set of isotopy classes of all such lifts,
viewed as vertices of the arc graph of the annulus Y. If no such lift exists, define

Wy(a) = .

Definition 3.4 (A subgroup of the mapping class group). For an essential subsur-
face Y C X we define the set

DY) = {6l : 6 € Map(¥), 6(¥) = Y}.
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['(Y) is a subset of Map(X). It can be verified that I'(Y') is a subgroup of Map(X)
and a subgroup of Map(Y'). To note its distinction from Map(Y’) we write this group
also as

Map(Y*) := T(Y).

The motivation for making this definition is to provide a more tolerant qualifica-
tion for what makes a non-peripheral curve in Y by keeping track of the fact that
Y is a subsurface of X.

Definition 3.5 (Non-peripheral curves on a subsurface). For an essential subsurface
Y C ¥, an essential, simple closed curve a C Y is non-peripheral in the subsurface
Y if there exists a compact subset K, C Y such that for any f € Map(Y™),

KoN fla) #0

We denote the curve graph of curves contained in Y that are non-peripheral in Y*
as Chp(Y™).

Proof. For a curve on Y, its image under elements of Map(Y*) is contained in YV
by Definition 3.4, which is itself compact. Thus every curve is non-peripheral in Y
and therefore C(Y) = C,p(Y>). O

Given Definition 3.5, we can now claim the following:

Lemma 3.6. If o is non-peripheral in 3 and o € Y, then « is non-peripheral in
Y=,

Proof. By way of contradiction, if a is peripheral in Y> then there exists a sequence
of elements {g;} € Map(X) that restricts to mapping classes of Y and also maps «
outside of larger and larger compact subset of Y. Thus they map « outside of larger
and larger compact subset of 3 and thus « is peripheral in 3. U

Note that |my (a)| < oo since « is a closed curve and therefore is itself a compact
subsurface of . This implies that o cannot intersect infinitely many components
of Y and that a cannot intersect any one component of 9Y infinitely many times.
So, consider the finite number of curves formed in the subsurface projection 7y ()
by connecting a NY with either of the arcs formed along the boundary curve where
a cuts into Y. As discussed in Definition 3.3 there are two cases for the surgery
that produces an element of 7wy (). The following two lemmas show that in both
cases, at least one of the curves produced will be non-peripheral. Le., my («) # 0 for
« intersecting at least one non-peripheral boundary curve of Y.

Lemma 3.7. Suppose that Y C X satisfies the assumptions of Theorem 1.1. That
is, Y 1s an essential and non-peripheral subsurface in X and Y is also disjoint from
a non-peripheral curve. Furthermore, ((Y') > 5. Let a be a non-peripheral curve in
Y. Then at least one projection curves oy s non-peripheral in Y=,
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Proof.

FIGURE 2. The three holed sphere given by a regular neighborhood
of a U 8 will have three boundary components 7,72, and 73 shown
in red, yellow, and blue. Whether ¥ — (a U ) has one, two, or three
components depends on whether (8 is separating in ¥ and whether a
is separating in Y.

Consider « a non-peripheral curve on ¥ and suppose a C Y N « has two

endpoints on one component of 5 € 9Y.

Case 1:

Case 2:

Assume « is non-separating. (3 is a priori either separating or non-separating.
We address these possibilities. Suppose [ is non-separating. Then the neigh-
borhood of a U 3 is a thrice punctured sphere. The boundary curves of this
three punctured sphere bound three components of . However, two out of
three of these components must be connected to one another or 3 will be
separating. Thus one of the resulting projection curve ay is non-separating
in ». Since « is also non-separating and non-peripheral , we conclude that
ay is non — peripheraliny, and thus non-peripheral in Y.

Otherwise, [ is separating. Then the end complexity of both complimen-
tary components of § are > 1 by Lemma 2.10. If a is a separating arc in Y,
one of the surgery curves will be separating and bound components of end
complexity > 1 since ((Y) > 5 and § the bounds components of end com-
plexity > 1. Thus ayy is non-peripheral in 2 and consequently non-peripheral
in Y.

Now assume that « is separating. [ is a priori either separating or non-
separating. We will address both possibilities.

If 8 is separating then by Lemma 2.10 8 bounds more than one equivalent
class of Cantor-type ends or more than one singular end. One of the arcs of
the surgery bound the same ends as § and therefore will be non-peripheral
in Y. If § is non-separating then at least one of the surgery curves will be
non-separating for the same reason as in case 1. Then by Lemma 7?7 that
curve will be non-peripheral since [ is.
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Suppose otherwise that a a non-peripheral curve on ¥ and suppose a C
(Y N«) is an arc with endpoints on two boundary components 7; and ;.
Then the subsurface projection given by case 2(the dumbbell case ) is non-
peripheral in Y* as it separates the boundary curves v; and v; from the rest
of Y. Since Map(Y*) fixes v; and ;, 7' is non-peripheral in Y.

O

The core of the proof is generalization the idea of a-f loops from [Web13] to the
setting of non-peripheral curve graphs. a-f loops are a set of curves whose intersec-
tion pattern with ( is closely related to that of a. The key idea is to establish the
following: when exist their projection to a subsurface Y via a boundary component
f € 9Y is boundedly close to ay-.

An intersection of a pair of oriented curves («, ) can be assigned {+, —} depend-
ing on the orientation from the outgoing ray of a to the outgoing ray of 3 is either
clockwise or counterclockwise.

Definition 3.8 (a-f loop). [Web13] We say that « is an («, 5)-loop if for each arc
b C f— «a we have |y Nb| < 2 with equality only if v N 8 have opposite sign.

Lemma 3.9. Let Y be a subsurface of ¥ and let 1,7, be curves on 3. Suppose that
Y1 and vy cut Y and vy misses vy Then de, vsy(71,72) < 1.

Proof. Since 7, and 7, cut Y, my (1) and 7y (72) are defined. And, ~; misses 7
implies that 7y (1) misses 1y (72). So deyp(71,72) < 1. O

Note that as a result if every curve in the geodesic from « to § cuts Y we then
have that dc, y=y(a, 8) < d(a, B).

3.2. Surgery. Suppose that v, a, are in general position. We shall describe a
surgery process on 7y to construct an (a, #)-loop which will be written . If v is an
(c, B)-loop then we set v/ = . If v is not an («, 8)-loop then let ¢ be a minimal
(with respect to inclusion) connected subarc ¢ C = such that there exists an arc
b C [ — « with either

e cNbis a pair of points with same sign
e cNb has cardinality at least 3

Since c¢ is minimal we have that ¢ has endpoints on b, b is the unique arc with prop-
erties described above, and |c N b| < 3, that is, only take the first three intersection
along v. Thus, each arc ' C — « such that b' # b, we have |cNb'| < 2 with equality
only if ¢ N b have opposite sign.

In what follows, we write N = N(f) to denote a closed regular neighborhood of
B. We now describe how to construct 7/, in each case of how ¢ intersects b.

Case 1: |cNb| = 2 and ¢ N b have same sign. Write R C N — « to denote the
rectangle with b C R. Let {p1,p2,ps,ps} = ¢ N OR where p; is adjacent to
pir1- Connect p; to p3 by an arc a C R that intersects b once and intersects
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FIGURE 3. Case 1 Surgery: 7/, the resulting («, §)-loop, is shown by
the red line, and the curve 4" is used to show that + is non-peripheral.

FIGURE 4. Case 3 Surgery: 7/, the resulting («, $)-loop, is shown by
the red line, and the curve 4" is used to show that + is non-peripheral.

c only at the endpoints of a. We let 7' be the simple closed curve aU (¢ — R).

Case 2: |cNb| = 3 with alternating signs of intersection with respect to some order on
b. In this case the surgery takes place in a few cases which will be described.

Case 3: |eNb| = 3 with non-alternating signs of intersection. We define 4/ in a similar
fashion as Case 1.

In all of these cases, the intersection number between |c N b| is reduced by one.
Applying the surgeries finitely many times will result in an a-3 loop.
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F1GURE 5. In Case 2, one of the four orange curves serve as a suit-
able choice for 4" depending on the separating property of the curves
bounding region A and B.

Lemma 3.10. In Case 2, where |cNb| = 3 and each pair of adjacent intersections
are of opposite sign, there exists a curve v such that 7' has fewer intersection with
B, is an a-f loop and is a non-peripheral curve.

Proof. Consider the bigon A formed by (; with 7; and the bigon B formed by [,
with 7,. It is established in [Webl3, Lemma 2.2, Case 2] that A and B are not
bigons. Furthermore, we have the following cases to consider.

e Either A or B is a separating curve such that the ”inside” surface associated
with A or B is a compact subsurface. Without loss of generality assume A
is separating and the associated ”inside” subsurface §, is compact. Thus it
contains a finite number of handles or punctures only. In this case consider
the curve 4/ that differs from ~ only by S4 and since ~ is non-peripheral , 7/
is non-peripheral.

e Both A and B are non-separating curves. In this case, since A is non-
separating, v is non-separating (any point on the right side of  can be
connected to any point on the left side of ). Therefore by Lemma 7?7, A is
also non-peripheral and let 7/ = A.

e If not the first two cases, then both A and B are boundaries of subsurfaces
Y4 and X5 both with nonempty end spaces. In this case, consider 7/ and ~”,
both differ from ~ by only ¥4 or ¥g. If v is non-separating then 4 is non-
separating. This is because both (7,7’ together bound a subsurface g and
thus are homologous. Otherwise suppose 7 is separating. Denote the two
end spaces resulting from > —~ by (Ej, Ey). Consequently, the two end sets
of v are (Ey — Ex, E5+ E4), the two end sets of v are (Ey — Ep, Fy + Ep).

Now consider the pair (E; — Ea, Ey + E,4) that is associated with ~/. If
E, — E, is not small we are done by Lemma 2.10. Thus suppose otherwise



BOUNDED GEODESIC IMAGE THEOREM FOR THE NON-PERIPHERAL CURVE GRAPH 13

FIGURE 6. Cases 1 and 3: The (a— f)-loop 7/ is in minimal position
with «

that E; — E4 contains no more than the maximal equivalence class of a
maximal end. Since 7 is non-peripheral , E contains strictly more than one
equivalence class of maximal ends. Thus E4 contains at least part of a new
equivalence class of maximal end that is different from the class found in
E1 — E4. Then consider v whose ends are E; + E4 which contains strictly
more than one class.

O

Lemma 3.11. In each of the three cases, there exists a curve ' in minimal position
with 6 and with . Furthermore, ~' is essential and an («, 5)-loop. If a, B, are all
nonperipheral curves, then ' is nonperipheral.

Proof. First we verify the claim for Cases 1 and 3. In Case 1 the curve v intersects
this segment of f — « three times and in Case 3, 7 intersects other segments of
B — «a an arbitrary number of times before returning to this segment of § — a.
The following argument does not depend on the difference between these two cases:
Any arc of 7/ — 3 is isotopic in S — 3 to some arc of v — 3. Therefore, v and
cannot share a bigon since v and  do not. If 4 is nonessential, it is isotopic to
some boundary component w € 9S. But [ intersects 7' twice, and since they are in
minimal position, § must intersect w at least twice, a contradiction. We now show
that 4" and « do not share a bigon in all the cases of the surgery process described
above, via contradiction.

Case 1: Pick an innermost bigon B between the pair 7/, a. We must have the arc
a C OB, otherwise v and « share a bigon. We have a N'b # (), and since
~" and f do not share a bigon, we must have one endpoint of b in dB. Let
{p} = BNeNnb, and ¢, C v — a be the arc with p € ¢,. Now v and § do not
share a bigon, and neither does v intersect itself, thus ¢, is contained with
the disc B U T, where T' is the triangle region adjacent to B cobounded by
~',v and 5. We conclude that ¢, and « cobound a bigon, contradicting ~y
and « do not share a bigon.
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To show that +' is non-peripheral, we define " in the following way: Define
¢’ = y—c. Connect ps to py by an arc a’ that intersects ¢ only at the endpoints
of a’. We let 7" be the simple closed curve o’ Uc’. We note that v = D (v").
Since v is assumed to be Non-peripheral and this property is preserved by
homeomorphism, we have that 4’ must be non-peripheral.
Case 2: since the property of non-peripheral is established in Lemma 3.9 it is left to
show that any of the resulting curves of Lemma 3.9 are in minimal position.
Since every possible option for 4/ is constructed from arcs of yUf this follows
from + and § being in minimal position with a.

O

Corollary 3.12. Suppose V1,72 are disjoint curves and suppose 1,72, c, 3 are in
general position (Definition 2.2). Then the («, 5)-loops ~},~5 constructed by the
surgery method above satisfy i(yy,7v5) < 4. Furthermore, if v, is disjoint from « or
B, then ~ is disjoint from « or 3, respectively.

Proof. Let «v; = ¢ U a; with the surgery rectangle R; and 74 = ¢y U ag with the
surgery rectangle Ry. Then ¢; N ¢y = ) since they follow ~; and ~, which miss each
other. When R; N Ry = () we have that a; Nay = 0, and that |a; N ¢y < 2 and
laa Ny < 2 by the minimality of the chosen ¢; and ¢y arcs. When Ry = Ry we have
that a; Ney = az Nep = 0 and that |a; Nag] < 4. O

Therefore we have established a set of quasi-geodesics with bounded constant from
any vertex to any other vertex in Cp,(X):

Corollary 3.13. Given any pair o, € Chp(X), there exists a (4,0) quasi-geodesic
from « to B that consists of a-f loops in Chp(2).

Proof. Suppose «, 8 does not NP-fill 3, then there exists a another non-peripheral
curve vy € ¥ such that
yNa=0and yNSB=0.
Therefore the path a—~v—f is a geodesic segment of length 2 with o~ loops, trivially.
Otherwise, suppose a, f € Cpp(X) NP-fills X. Start with a geodesic vy, ..., Y of
curves from o/ to (3, such that this collection of curves is sensible. Using the surgery
process on each v; with 1 <7 <m — 1, we obtain a sequence 71, ...,7.._; of (a, f)-
loops.
By Lemma 2.3, we have

i(7i, i) <4 for each i,
and therefore
ds(viYie1) <4 and  ds(v,7;) < 4li —j| for all i, j.

If for some i > j we have
Z_] > d5(7:77;)7
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then we connect ; and v} with a geodesic and apply the surgery process to each of
its vertices using o and [ again. Repeating this procedure, we obtain the required
quasi-geodesic of («, #)-loops. d

Lemma 3.14. Let o be a component of a multi-curve o on X and let 5 be a curve
on Y. Then there ezists a (4,0)-quasi-geodesic &' = Yo, V1, ..., Vo = [ with v; a
(a, B)-loop for every 0 < i < n.

Proof. Note that if o/ and (3 are disjoint then o/ — 3 is the desired quasi-geodesic.
Next, if o’ and 3 do not fill ¥ then we have that there exists a non-peripheral curve
¢ that is disjoint from both ' and 5. Then d(«, 5) = 2 and o — ¢ — (3 is a geodesic
(and therefore a quasi-geodesic) between them. And since ¢ is disjoint from g it is
vacuously a («, ) -loop

So now assume that o' and g fill ¥. Start with a geodesic vy, ..., ¥, of curves
from o to 8, such that this collection of curves is sensible. Using the surgeries in
Section 3.2 on each 7; with 1 < i < n — 1, we obtain a sequence 7, ...,7,,_; of
(o, B)-loops. We have i(7;,v;,,) < 4 for each i by the previous lemma, therefore
ds(Vi,Yig1) < 4 and ds(v;,7;) < 4]i — j| for each 4, j. If for some i > j we have
i—Jj > ds(7i,7;), then we connect 7 and 7} with a geodesic and surger each vertex
of it using «, § again. Repeating this process, we obtain the required quasigeodesic
of («, B)-loops. O

Definition 3.15. Let Y be a non-peripheral subsurface. We say that a pair of non-
peripheral curves aq,as NP-fills Y if there does not exist a curve v € Y, gamma is
non-peripheral in Y* and v N a; = 0.

Note that an «, B—loop can also be defined for a multicurve A = {ay, ..., } where
Vb C BNA, i(y,b) < 2 with equality if and only if the two intersections have opposite
sign. And, if A = 9Y, then we note that the arcs of Y N~ are comprised of a subset
of the arcs b. We then have the following lemma:

Lemma 3.16. Let Y be a subsurface of ¥. Let vy be a (9Y, B)-loop that cuts OY .
Then de,, vy (7, B) < 2 if Y is non-annular and de, yv=)(7,8) <5 otherwise.

Proof. If Y is non-annular, then any pair of arcs in the projection my (v, 5) will
intersect at most twice by Definition 2.1, so one can consider a closed regular neigh-
borhood of the arcs to prove the required bound on distance. (because intersection
number is an upper bound for curve graph distance).

If Y is annular, then suppose for contradiction that

de,,(v=)(7, B) = 6.
Then there exist arcs 0* € my(y) and €* € my () with
|0* Ne*| > 5.

Following [MS13, Theorem 10.1, Claim], after we isotope the triangles cobounded
by dY, B, and « into Y (this retains minimal position), we have that

5" NenY’| >3,
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where Y is the homeomorphic lift of Y in the cover whose only generators of non-
trivial loops are the core curves in lifts of Y.

Therefore there exists an arc of § — Y which intersects v at least two times with
the same sign, contradicting v a (9Y, 3)-loop. U

Next we establish a classic lemma that says projecting a geodesic segment in
Chp(X) to a subsurface with one non-peripheral boundary component that is exactly
the starting vertex of the geodesic segment, we get a finite diameter projection of
the geodesic segment to Cy,(Y>).

Lemma 3.17. There exists D = D(9) such that for any subsurface Y, component
a C Y, and geodesic in Cpp(X) with o = Yo, 71, ., Yo = B with n > 3, we have
de,, vy (Vi, B) < D whenever i > 2.

Proof. We proceed by using Lemma 3.14 to construct a (4,0)-quasi-geodesic @ of
(9Y, B)-loops from « to 3. For each i, we have 7; is D'-close to @) where D' = D’(9).
For an explicit D', we can take D' = D" + 2, where D" is the largest integer with
D" < 6[logy(26D")]. Using Lemma 3.9, we can take D = 2D’ + B, where B is the
bound provided in Lemma 3.16. U

Now we are ready to prove the main theorem using the thin triangle property of
Gromov hyperoblic spaces.

Theorem 3.18. Given a surface ¥ let Y be a (proper) subsurface with a boundary
component that is a non-peripheral curve. Let g = (7;) is a geodesic in Cyp(X) such
that ; cuts Y for alli. There exists M = M (0) independent of the choice of Y such
that dcnp(yz)(g) S M.

Proof. Take M = 40 + 2D + 4, where D is defined as in Lemma 3.17. Fix ¢ < j. We
shall show that d¢, (y=)(7i,7;) < M. Let o be the non-peripheral curve in 9Y". Let
P be a geodesic from « to 7; and () be a geodesic from « to ;. Let I = Nsi1(a)Nyg.

We have two cases. if I = () then let 4, be a vertex on the geodesic such that ,,
is d-close to P for m < k and 7, is d-close to @) for m > k. Then since geodesic
triangles are 9 slim, 7, _; is within distance § of P and 7, is within distance ¢ of

Q. So dcnp(yz)(’yi,’yj) < 2D +25+2 < M.

If I # 0 then the path between 7/ and P or the path between 7;. and () could
miss Y. To remedy this we find a path outside of I. there exists ¢' = (vir,...,7;7) &
geodesic of length at most 20 + 2 such that I C ¢’ C g.

Let ¢ = max{i,7’ — 1} and j” = min{j, j'+1}. Since geodesic triangles are 0-slim,
we have either 7, is d-close to P and ~; is d-close to @), or, there exists adjacent

vertices of g — ¢’ with one d-close to P and the other d-close to Q.
O
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FIGURE 7. Case 1 of Theorem 3.18: When N5, 1Ng = () then we find
a bound on dey ,(vyVi, ;) using the bound D from Lemma 3.17 and
the d-hyperbolicity.

FIGURE 8. Case 2 of Theorem 3.18: When Nj 1 Ng # () then we find
a bound on dey ,(vy(74,7;) using the bound D from Lemma 3.17, the
0 hyperbolicity, and Lemma 3.9
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